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PREFACE. 


The modern history of Optical Science may be considered to 
commence with tlie discovery of the law of the refraction of light, 
by Snellius. To Huygens wq aiT indebted for the discussion 
of the aberration of pencils refracted by spherical surfaces of 
media, and he applied his investigations to the construction of 
liis double eye-piece, which remains in high estimation to the 
present day. By good fortune he secured in it the condition 
required for achromatism, in addition to the advantages of reduced 
spherical aberration, to which his views were directed, although 
the conditions for achroqiatism in cyc-picccs were not discovered 
until long afterwards. 

Sir Isaac Newton having discovered the unequal refrangibility 
of the differently coloured rays of the s])ectruin, shewed the great 
effect of the chromatic dispersion in producing indistinctness of 
the optical images produced by lenses. 

The discovery of the different dis))crsive powers of different 
media by IMr. John Dollond, in 1757, and his most successful 
api)lication of his discovery to the construction of the object- 
glasses of telescopes, gave a new impetus to the mathematical 
theory. 

We find Clairaut,* D’ Alembert, f Euler, { and Boscovich,|| 
almost simultaneously investigating the properties of refracted 

* Memoires de I'Academie, 1756, 1757, 1762. 

t Opuscules, Vol. iii. 1764. 

X The results of many previous papers condensed in his Treatise, Dioptrica, 1769. 

il Disscrtationes qumtpie ad Dioptricani pertinentes, 1767, and Opuscules, 1785. 
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pencils^ and they have left us their results in laborious and elegant 
analysis^ with, however, great room for improvement in simplicity 
of method. All these eminent mathematicians investigated the 
conditions for aplanatism as well as achromatism in the object- 
glasses of telescopes. Clairaut, in addition, also investigated the 
aberration in obliquely refracted pencils, and proposed to correct 
this effect as well as the direct aberration. D^Alembert discusses 
the primary and secondary foci of a refracted pencil. Boscovich 
first shewed that the chromatic dispersion of a single eye-glass 
could not be corrected, except for the point of the image upon the 
axis, by any form of the achromatic object-glass; and he dis- 
covered thc5 construction of the double achromatic eye-pieces, 
which were hence called Boscovich^s eye-piece's. In his later work, 
he finds the condition of achromatism in combinations of several 
lenses in eye-pieces. Euler discusses the angle which a given 
refracted ray makes with the axis of the lens, and compares the 
relative magnitudes of an object and its image, or successive 
images, by means of cxccntrically refracted rays ; he also employs 
the analytical condition for achromatism in combinations of lenses, 
as used in the eyc-picccs of telescopes, but does not keep in view 
practical cases, during his discussions. 

If these various problems had been fully investigated in the 
neatest and simplest manner of which they admitted, and their 
results carried out to the cases actually arising in optical instru- 
ments, little would have been left for succeeding mathematicians 
to accomplish. They, however, left the mathematical theory so 
diffuse and comjdicated, that few will have had the patience to 
master entirely their methods, which have hence long remained 
almost unfruitful. 

We do not find that any very important advance in the mathe- 
matical theory was made after the above-named illustrious mathe- 
maticians, until the Astronomer Royal, Mr. Airy, in his paper, in the 
''Cambridge Philosophical Transactions,” Vol. ii. rendered to optical 
science the great service of applying Euler^s analytical method for 
achromatism to the combinations of lenses for eye-pieces, which had 
been discussed through circuitous methods by Boscovich. lie also 
undertook, in his papgr on the spherical aberrations of eye-pieces. 
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in the next volume, the discussion of oblique pencils through the 
primary and secondary focal lines, and the nearest approach to a 
symmetrical area between them, or the circle of confusion, as the 
focus of each pencil. He also employed the directions of the axes 
of excentrical pencils to explain the distortion of images. 

These discussions, through the circle of confusion, apply to 
exceedingly small pencils only when the obliquity is small, because 
the aberration is neglected, and hence the parts of the field of 
view out of, but near the axes of lenses, cannot be considered as in 
the actual case of instruments to have been discussed, .although for 
considerable obliquities, when the aperture is not very large, the 
results arc good approximations. These papers of Mr. Airy 
induced Mr. Coddington to re-write his Optics, so tliat his work, 
})ublishcd in 1839, is not the third edition of his first Treatise, 
but a new work, and is the one rcfeiTcd to in the present Treatise. 


To find the form of the image in any actual case arising in the 
use of instruments, it is clear that the oblique aberration must be 
considered, and the formula) ])ut in such a workable sliape, that 
the form and curvature of the image can be traced. Amidst the 
complication wliich the higher optical formula^ assume, the author 
has succeeded in obtaining working formula*, wliich enable him 
now for the first time, as he believes, to trace the forms of the 
images, and to find the lenses possessing the desirable properties 
of more correct images for various given cas(;s, and hence to discuss 
the projicrtics of eye-pieces more accurately. 

The cflFects of the oblique aberration in the achromatic lenses 
constituting the powers of the achromatic microscope, were disco- 
vered from experiment by Mr. Lister, and published in his paper, 
ill the Philosophical Transactions^’ fo/l839 ; and the astonishing 
advance towards perfection which the microscope has in conse- 
quence attained, unaided by matliematical theory, has been a reflec- 
tion on the state of mathematical physics. It was clear that no 
creditable Treatise on Optics could now be undertaken without 
discussing Mr. Lister’s discoveries, and if possible to find new pro- 
perties which experiment could not be ei^ected to reach without 
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the mathematical theory. To some extent the author considers 
he has filled up this desideratum^ and carried theory again in advance 
of practice. 

The old approximations for the aberration applied sufficiently 
accurately to the object-glasses of telescopes, where the refracted 
pencil seldom exceeds 3® or 4® in angular diameter; but as the 
refracting microscopes are now constructed so that their object- 
glasses bring very accurately, incident pencils of upwards of 90® 
angular diameter, to a focus, th^ second approximations can apply 
only imperfectly to such cases, and hence the author considered 
that the formulae for the third approximations ought now to be 
investigated. 

From their increased complexity, these formulae may not be 
immediately applied to practice, yet in some future improved state 
of the world of science, when the mathematician, the computer, 
and the working optician, shall be brought into harmonious action 
together, from the necessity to secure further advance, the author 
trusts they will be found useful. 

It has been said in optical treatises, that although a parabolic 
mirror would give a correct image of a star at the focus, yet the 
image would not be correct when out of the axis; this seems 
to leave i*oom to doubt the great advantage of a parabolic over 
a spherical mirror in the Newtonian telescope, and hence it became 
desirable to discuss the aberrations of ellipsoidal and parabolic 
mirrors for oblique pencils, as will be found performed in this 
work. 

.The author found that the expressions for the reflexion and 
refraction of pencils at spherical surfaces could be carried one step 
further without approximation, than has hitherto been done, and 
he has hence availed himself of that method. He has studied 
each proposition, to find what he considered the simplest method 
of treatment, knowing that to many students, optical formulae 
seem sufficiently discouraging without any unnecessary complica- 
tions or developments. For this reason also he has omitted 
propositions which had less immediate practical bearing. 

The notation introduced by Mr. Coddington must now be con- 
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sidercd so far established in this country^ that only partial devia- 
tions from it should be used. To his last Treatise, whiclv will long 
be held as the foundation on which succeeding treatises have been 
constmeted, the student is referred who wishes for more extensive 
study. 

To Sir John Hcrschcl also the scientific world is greatly indebted 
for his excellent Treatise on ^ Light, ^ in the “ Encyclopapdia Metro- 
politana.” The student will there find many optical developments 
not to be found in elementary treatises. 


LONDON, 

DKCSMBER, 1850. 
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CHAPTER 1. 

ON APPLICATIONS OF PHOTOMETRY. 

Deferring to the introductory chapter. Part I. ; we have the 
intensity of the light, falling on any surface, measured by the 
quantity of light, or the number of equally bright rays, which fall 
on a unit of area, supposing the intensity uniform : and the inten- 
sity at different distances from the same luminous point varies 
inversely as the square of the distance. 

Let I represent the intensity at a distance unity from a luminous 
origin, and consequently 47r/ represents the whole radiant light, 
since is the area of the surface of a sphere, and here r=l, 

then the intensity at a distance D is and the quantity of light 

falling directly on a small plane area a at the distance D, is ^ 

If the light falls obliquely on the small plane area, and at an angle 
of incidence i, then the quantity falling upon it is, ^.a.cos. f. 
(Cor. Art. 8, Part I.) 

If now we take a an elementary area upon any illuminated 
surface, and find the expression for the quantity of light falling 
upon it, the integral between the proper limits, will give us the 
quantity of light falling on the whole surface. 

B 


2 


omcs. 


Article 1. Proposition. To find the quantity of light from 
a luminous point, directly above the pole, which falls on a plane 
sectorial area. 


Let ASB be the sectorial 
area; F the position of the 
luminous origin in the per- 
pendicular to its surface BF; 
and the height SF=h, Let 
pq be an elementary area, of 
which the polar co-ordinates 
are Sp=% ASP=^$, and the 
area of pq=r.dL dr. Then the 
distance Fp=:. + and 

the angle of incidence=i= /.pFS, Using the notation just ex- 
plained, we have, the quantity of light falling on . a . cos. i 

= To-~3 rdS . dr - 7 = 4==: 

r, rdr,d& 

T ^ 

and the whole light falling on the sectorial area ASB= 



'iff'. 


rdr, i 




which being integrated between the given limits, when the polar 
equation of the curve APB is known, gives the quantity of light 
required. 


Example 1. Let the sectorial area be a quadrant of a circle 
of which the radius is a, then the quantity of light falling upon it 
is given by the expression 


4t//i- — i=.l 
1 v' A® + a® J 
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Ex. 2. If Fis the place of a light at a distance A above the center 
of a circular table^ the light falling on the table 

= &r/|l --74 =t‘1 

[ 4/ A'" + J 

==2ff/x versed sine of half the angle subtended by the 

table at F. 

Ex. 3. If a luminous point be in the middle of the axis of a 
right cylinder, we find the light falling on each end by the last 
example, and subtracting from the whole radiant light, we have 
the quantity falling on the concave surface 

=47r/x cosine of half the angle subtended by each 

cud. 

Ex. 4. The light falling 011 any solid of revolution from a 
luminous point (F) in its axis is found, as in Ex. 2. 

= 2^/xvcrsinc of half the angle of the cone >\ith 
vertex F, which envelopes the solid. 

Art. 2. Piiop, To find the intensity of the transmitted liyht 
at a given depth in a dense medium, when the liroportion lost by 
dispersion and absorption in passing through a unit of depth, is 
known. 

Let 1 i^the intensity of the light at entering the medium. 

„ 7^ = . . , . at a depth 1 . 

„ 7., = Ji. 

» /»= »• 

„ 

Let ~ be the proportion lost in travefsing a unit of depth ; 
and il/=l — 

wo-i) 

B 2 


then 
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and similarly’ for any deptli 

w(.-i)' 

By this formula we can find the portion of the sun^s light which 
penetrates the water of the ocean to a given depths when the part lost 
in passing through any given space has been measured. It also 
sufl&ces to determine the part transmitted by lenses of given thick- 
nesses^ when the effect of the glass of which they are made is known ; 
the reflexion at the surfaces being separately taken into account. 

Art. 3. Prop. To investigate a method of measuring the 
light transmitted hy a given object-glass of a telescope. 





Let the figure represent a horizontal section of a photometer 
through the small flames of the lamps Q and which arc used ; 

representing the horizontal section of a parallelogram of paste- 
board 40 to 50 inches long and 2 or 3 inches broad, which is 
blackened on both sides, or still better, covered with the most 
non-reflecting substance, black cotton velvet. An npright screen 
whose horizontal section is £D, at right angles to gf, has an aper- 
ture at »>» covered with the thin tissue paper which is used to take 
TOpies of wntten letters by pressure. This aperture being bisected by 
the upright end of the pasteboard at/, has its respeetive halves 

^ S'! 

pasteboard, and the equaUty of the illuminations is 
thn» e ** there being no other lights present but 

in^fl ^ Let Q be the determined position of 

one of the flames, and y, that of the one on the other side of the 
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pasteboard when they illuminate their respective halves of the 
tissue paper equally. Let then the object-glass C be interposed 
between Q and^n; the eye will now see the illuminations on the 
tissue paper to be unequal, and the other flame will require to be 
moved to some new position as to make them again equal. The 
position of ^2 ^i^l depend on the condensing power of the lens, and 
on the portion of light lost in passing through it; the former 
effect being calculated from the' focal length and the position of Q, 
the latter is determined from the results of the experiment. 

To find the intensity which the transmitted light would have 
had if it had not been condensed into a smaller area b^* the effect 
of the lens, let Q in the annexed figure represent the position of 



the flame, C that of the lens, and AdB the place of the screen ; 
let QC=u, Cd=^d,f= the focal length of the lens, and a=; radius 
of its aperture. The light diverging from Q which falls on the 
lens, would have illuminated a circular area AB if the lens had not 
been interposed, but when emergent from the lens it will diverge 
from the focus q, which is conjugate to Q, and illuminate the 
circular area ah. If qC^v we have (Part I. Art. 65.) 

V u f 

, area of circle ab _ {adY 
area of circle AB (Ad)^ 
qd 


2 
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intensity of the lig ht if spread over circle ab^ 

intensity of the same light over ab area of circle A.B 



and, referring to the first figure, we have from the experimental 
result 

. i ntensity of the light condensed on ab 

intensity of the light direct from Q 

Compounding with the previous result we have 

intensity of the transmitted light if not condensed ^ 

intensity of the direct light^ \q.^m) I y. / ^ ^ d 



By this method a very fine double achromatic object-glass 
of four inches aperture and six feet focal length was found to 
transmit about sixty-six rays out of every one hundred incident. 
As the apertures of object-glasses of telescopes are increased, the 
thickness of the lenses must be increased also, and hence the loss 
of light will be greater than in smaller ones. If the crown or plate 
glass of which the convex lens is made has much colour, the loss 
of light will be much increased. 


Art. 4. Problem. To compare the intensity of the light of 
the heavenly bodies beyond the limits of the atmosphere^ with that 
at the earWs surface. 

To solve this problem rigorously we should have given the den- 
sity of the atmosphere at all altitudes to which it extends, and the 
portion of light transmitted (differing with different seasons and 
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climates) through given spaces for any given density^ but we may 
expect to obtain a good approximation by taking the height to 
which the atmosphere would extend^ if its density^ at all altitudes, 
were the same as at the earth^s surface, at the mean ; and sup- 
posing that light is transmitted through this homogeneous atmo- 
sphere as it is at the earth^s surface. 


Bouguer concluded from his experiments, that light was dimi- 
nished in the ratio 2500 to 1681 in passing through 7469 toisc| 
(9.046 English miles) of dense air; which was nearly the ratio 
of the sun^s light traversing the atmosphere at the summer and 
winter solstices at Croisic, his place of residence. 


To apply this to the formula of Art 2, with / expressed 

in miles, we have 


f9.04fl 

/ “”2500 


— JI/9.0W* 


which gives 


M 


V2500/ 


= . 95707. 


Supposing that the earth's atmosphere, if homogeneous, would 
extend to the height of 4.9 miles, and I were the intensity of light 
from a heavenly body beyond that limit, we have for the intensity 
at the earth's surface, after traversing the atmosphere vertically, 

=/(.80655) 

or nearly one-fifth of the light traversing vertically the earth's 
atmosphere is absorbed, or dispersed. 

To find the proportion absorbed when a heavenly body has any 
given zenith distance, we must find the distance t through which 
the light passes within the homogeneous atmosphere, and apply it 
in the preceding formula. 

Let O be the center of the earth, AA' the surface, z the zenith 
of the place A, in the radius OA produced, Aa= the height of the 
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homogeneous atmosphere determined from 
the formula 


P 

where h s=the height of the barometer 
P =the density of the mercury, 


then A 0 the radius of the earth being known ; 

OjB= Oa, and the zenith distance zAB being ® 

also known, we have AB=t by solving the triangle OAB, 

J 

The formula gives the ratio of the intensities 

for two different altitudes when t and t' have been found. 
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ON THE REFLEXION OP LIGHT BY PLANE AND CURVED MIRRORS. 

In this chapter we have to discuss the higher propositions o£ 
Catoptrics which were omitted, or only mentioned, in Part I. 

Art. 5. Prop. To find the direction of a ray of Hght after 
being reflected by two plane mirrors, the planes of reflexion being 
any whatever. 

Let BA, AB, BT be the course of a 
ray which is reflected at A by the mirror 
LM, and at B by the mirror KO; NA, 
nB being the normals to the mirrors re- 
spectively. 

If BA were one of a pencil of parallel 
rays, the reflected rays would be all parallel 
to AB ; and similarly after the second re- 
flexion each ray would be parallel 
to BT ; so that the deviation after 
the two reflexions would be the same 
for each ray, and independent of the 
points of incidence on the two mir- 
rors. Let us suppose that A is inde- 
finitely near to O, and that BO in 
the lower figure represents the inci- 
dent ray, ON the normal, and ROr 
the direction of the reflected ray. 

Let On parallel to Bn represent the 
normal to the second mirror, and 
OT the direction of the ray after being twice reflected. 

Let a sphere with radius unity be described round O, and let 
the lines above-named be radii, the plane of the first reflexion 
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being in the plane of the paper, and the plane of the second 
inclined to it. Produce 80 to s and NO to N' ; and join T and 
s, n and N by arcs of great circles. Then the deviation of the 
twice reflected ray is the angle sOT measured by the arc Ts ; and 
the acute angle between the mirrors equals the angle N'On between 
the normals, and is measured by the arc nN\ 

Let angle of first incidence = ^ SON 
. . . second . ’ . . = / BOn 

. . . between the mirrors =/ On = « 

. . . between the plane of first incidence and the plane 

NOn which is perpendicular to both mirrors = Z BN'n=$ 

. . . of deviation = z sOT =sD. 


Then in the spherical triangles sRTy N'Rn we have 
arc /2r=2i2, iRs=2*i, 7h=I>, 


andcos. = 


= cos. N'Rnsz 
whence 


cos. D — cos. 2ii . cos. 2ig 
sin, 2ii sin. 21^ 

cos, a — cos. ii cos, ig 
sin. sin. 


/ . . . sm.2*,sin.2i» 

cos. D = (cOS.a — COS.^^COS.^ 2 )~-^ cos. 2*1008.2^ 

* sm. «iSin. *2 ^ 2 

also from spherical triangle N Rn we have 

cos. ig = cos. a cos. + sin. a sin. cos. & 

so that X) is completely determined when a, and $ are given. 


Expanding the sines and cosines of 2»i, and 2ig, and substituting 
the value of cos. ^ we find after the reductions 

cos. Z)=4 cos. a cos. cos. ^—2 cos.’ ^—2 cos.® *i + l. 

=cos. 2a +2 sin.® a sin.® i, sin.® i. 


If «=0 we have the case of Art. 11. Paet I. and 

I>=2a 


as there determined. 
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Art. 6. Prof. To shew that the inctden^, the once reflected, 
and twice reflected, rays are equally ineUned to the line of inter- 
section of the mirrors. 


Let the letters in the annexed 
figure represent the same points as 
in the last ; and take K, a point on 
the sphere, 90® distant from » and 
N' ; then the radius OK is the di- 
rection of the line of intersection 
of the mirrors. 

Draw the great circle RKr, and 
join K, T; K, n ; K, N' ; and K, s ; 
by arcs of great circles. 


N 



In the triangles KnR, KnT; since Kn=9QP we have 


cos. KnR 


cos. KR 
sin. 


= —cos. KnT 


.-. Kr = KT 


cos. K r 
sin. nT 
cos^ KT 
sin. nT 


In the same way from the triangles KN'R, KN's wc have 


cos. KN'R = 


cos. KR 
sin. RN' 


= —cos. KN s 


Ks = Kr^ KT 


cos. Kr 
sin. JN^s 
cos. Ks 
sin. N's 


or the directions Os, Or, OToi the incident, the once reflected, and 
twice reflected rays, make equal angles with OK the line of inter- 
section of the mirrors. 


Art. 7. Prop. To find the aherration of a given ray of a 
pencil which is incident directly on a concave spherical mirror. 

Let PAP^ be a section of the mirror, of which O is the center 
of the curvature, and A the center of the aperture. Let Q be the 
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focus of the incident rays, QOA the axis of the pencil incident per- 
pendicularly on the 
mirror at A; which 
being taken for the 
origin of co-ordi- 
nates ; and QP being 
any ray incident at P 
of which the co-ordi- ^ 
nates are AM^^se, 

PM^y, let Pq be 
the reflected ray : 
then if he the 
focus conjugate to Q for a very small direct pencil, as found in 
Art. 19. Part I., the distance q^ q is called the longitudinal aber- 
ration of the ray QPq, which is to be found. 

Let QA=n, AO=r, Aqszv, Aq^=Vi; the equation of the 
circle of which PAP' is an arc, is 

and since * is alwys small in the mirrors of reflecting teUseopea, 
we may neglect x in respect of 2r, or neglect in respect of %rx, 
and use approximately, for them. 

If we solve the above equations in terms of x, we find the series 

*^ot always admissible. 



Sm^ OP bisects the angle QPj. we have by Euclid, book vi. 

gOQo 

gP~'QP (11 
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and in the triangle QPM, we have 
QP2=:QiJf3+PM2 
= («— 

• =(«— a7)8 4-2ra?— a*® 

or QP =u\/ 1— 2a!-(i — 

V u\r uj 

In the triangle gPM^ we have 

qP^ =q]kP +P3P 
= (v—wy+y^ 

=i;® + 2a?(r— v) 

and qP =»/\/ l+^(r-v) 

=t>V^l + 2a;.r(i-i) 


Substituting in the equation (1) we have 


r—v u~-r 

v/^\ +2^ . r(i-l) U^l-Zx. 

or dividing by r, both sides of the equation, 


i -4 



when X is so small that we may neglect the terms into which it 
enters as a multiplier, we have, as in Part 1., 

or 

Vi r r Vi r u 

substituting these in the term involving a?, supposed small but not 
negligible, we have 
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by extracting the square roots and omitting terms witb &c. 

neglecting the term with 


r u 


(i_iy 

\r u; 


If we take the approximate value of a?= 


we have 


V r u r \r u/ 


which gives the value of to a second approximation ; and when 
more correct values still arc required, they may be obtained from 
(2) by successive substitutions for v in the term involving a?, and 
extracting numerically the square root of the factors where it is 
indicated. 


When the second approximation only is wanted, the following 
is the simplest procedure. By neglecting at once the powers of x 
above the first at each step, and substituting the first approximate 
value, in the small term, we have 

and substituting in -^=z 9.^ 
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we have 


4-T+“{(T44)(T-i)‘} 

,a=A-i.+2>(i— LV 

V r u \r u / 

/ u r\r w / 


and 


The aberration q^q-=.Vi—v^ Zv say, 

1 1 V 

V 


Vi V 


v^v 


therefore is known when — and — have been found ; and for 

V i?i 

a second approximation we have, since nearly ; 


(- 

_ 1> 

i_yW( 

^ 1 


\V 

V^J 

f r \ 

, r 

u) 


If the incident pencil had consisted of parallel rays, or if 

1 . 

— =0, then the aberration =8 
u 4r 

This result may be very easily obtained geometrically, as half 
the versed-sine of the arc of the miiTor nearly. 

If we had taken q for the focus of the incident rays, we should 
have found, by a similar procedure. 
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and the aberration lu would still have been measured towards A 
from the first approximate focus ; since we have 

-l.>i 

u 


and 




r \v r)* 


which is identical with the previous expression by putting v for u ; 

/I 1 \® 

and we see that the aberration increases as vM I or 

* \ r w / 

( 1 *1 

-pj increase^ and vanishes when Q and g meet at O. 

It also^ for a given ppiiition of the focus of the incident rays^ 
varies as (y®) the square of the distance of the point of incidence 
from the axis of the mirror^ in small pencils. 


Akt. 8. Prop. To find the aberration of a given ray of a 
pencil which is incident directly on a convex spherical mirror. 


Let Q be the 
focus of the pencil 
incident on the 
convex mirror 
PAP'; and let the 
other letters in 
theanncxed figure 
indicate the cor- 
responding points 



to those in the last proposition^ respectively. 


Then any ray QP being produced to O', the exterior angle CfPq 
is bisected by the radius OP, and by Euclid, book vi. prop. A. 


gO_QO 

qP^'QP 


( 1 ) 


Also taking AM^x, PM=y we have by proceeding in the 
same manner as in the last prop. 
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>+K(;+5) 

,P .,.^ 1 + 2 ^ 1 - 1 ) 

and the equation (1) becomes 


t/H-r 






(2) 


neglecting for the first approximation^ the terms involving sc, we 
have, as in Art. 20, Part. I., 

r r u ^ Vy r~ u 

and substituting these values in the coefficient of sc and expanding, 
we find 


V r u 


(J.+3' nearly 

.... 

' u r \r u/ 


If we take the conjugate focus to Q, from the first approxi- 
mation, putting we have 


11 .1 
- > — and 

V V, 


r .v^>v 

or the aberration is again towards A from gi 

^ ^ yW /I . i\® 

and dv =-^ — — )• 

r \r vj 


If the incident pencil* converged to q, we should have by sub- 
stituting in (2), the first approximate value of u, in the small 
term 


c 



18 


OPTICS. 


n V r \v r/ 

V r r\vrJ 

putting % tlie first approximate value of Uj we see that now 
and . • . «>Wj, or the aberration is now from A, and 

s„=KV(i_iy 

r \v Tj 




It will be seen that the results in*tbis article might have been 
deduced from those of the previous one by taking the lines with 
contrary signs when they have to be measured in opposite di- 
rections to that of the case taken as standard, as at page 33, 
Part L, and in the same way the results for other cases may 
be found. 


It will be seen that, in convex as well as concave mirrors, 
the aberration is measured from the mirror when the focus of tlic 
incident rays lies between the mirror and prineipal focus ; and in 
all other cases is measured towards it. The aberration vanishes 
when Q and q meet at O. 

Art. 9. Prop. To find the least circle of aberration when a 
pencil of rays is reflected directly at a spherical mirror. 

We suppose the aperture of the nnrror to bear such a pro- 
portion to the fo- 
cal length, that we 
may use the se- 
cond approxima- 
tions of the two 
last articles. 


Let BPAB^ be 
the section of the 
mirror whose axis 
is Aq^; Bs, B's 
the rays reflected 
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at the edge of the mirror which intersect the axis in s ; the geo- 
metrical focus for rays reflected indefinitely near to A ; Pq any 
other ray of the pencil cutting the axis in q, so that q^q is the 
aberration of that ray. 

Then if we put y'= jBil/'=half aperture of mirror, 
we have from the results of the two last propositions 

y'^ 

or since y', the radius (r) of the curvature of the mirror, and ti tlic 
distance of the luminous origin are given, therefore the aberration 
q-^s of the extreme ray is given ; let q^s^a^ 

then qq=za^, 

y 

let mn be the radius of the least circle tlirough whicli the rays 
Bs, P's and Pq pass ; we have from the triangle msiif BM's, 

mn BM' BM' 

= -TjT-, ov vtut = . ftn 

sn M it M s 

and from triangles mqrij PqM, 

mn PM PM 

nq qM " qM ^ 

Now since the aberration is by supposition very small, so that 
we use the second approximations, we have M's^Mq^Aq^^v^ 
very nearly ; therefore equating the values of mn, we have 



and nq^sq^—qiq—sn 

= a-‘a^’-"Sn 

substituting this value of nq, we have 

»n=^r{y'-y) 

c 2 
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and 





Now when mn is a maximum in respect of the varying po- 
sition of Pj we have by ihe differential calculus, 

d{mn) 

~d^ 

••• »'-2y=0, ory=^ 


substituting this value, we have 


*»=p W~y) 

— £ 

■“4 


which gives the position of the least circle of aberration ; 
and its radius 




sn 


or substituting for ft* its value from Art. 7, we have for a concave 
mirror the radius of the least circle of aberration 


yZiiYi _ IV 

4»i ■ r Vr «/ 

_ ly 

4r \r u) 


When the incident pencil consists of paraUel rays, or -1 = 0 
and»,=/=|. 
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the radius of the least circle of aberrations: 


8r* 


or the diameter 




If we draw perpendicular to the axis and meetii)» V>s in hy 
then q^h is called the lateral aberration of the extreme ray^ and 

. mn 

-t. 

“ 8 /^ 


Cor. When a converging pencil is incident upon a convex 
spherical mirror so as to give a real focus of the reflected rays, the 
aberration (see the latter part of Art, 8) is^from the vertex of the 
mirror as 
in the fi- 
gure; but 
by pursu- 

ing the, ^ 

same me- 
thod as a- 
bove, we 
find the 
sameforms 

for the values of sn and mn 
1 

or 




By substituting the proper value of q^s, the result may be 
adapted to the other cases of reflexion at spherical mirrors. 
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We are now able to calculate the effect of using spherical 
mirrors in catoptrical instruments in place of mirrors of the correct 
figures for no aberration. 

Example. To find the effect on the distinctness of a seven-feet 
Newtonian telescope of the proportions used by Sir W. Herschel, 
when a spherical mirror is used in place of a paraboloidal one. 

In this tSescope, with which Sir W. Herschel made so many 
discoveries, the aperture of the large mirror was 6-,*^ inches, and 
its focal length about 86 inches. 


Here we have inches, and »*=172 inches. 

y'2 

the longitudinal aberration of the extreme rays=-jj;=y-o of an 
inch nearly. 


The diameter of thq, least circle of aberration =-^=- 5 ^^ of an 

inch, which is less than one-tenth part of the breadth of a hair of 
the head, taking it as of an inch. If wc divide this quantity 
by the focal length, 86 inches, wc find that the diameter of the 
least circle of aberration subtends at the center of the mirror an 
angle of -J- of one second of a degree ; and this would not prevent 
the telescope separating the images of many difficult double stars,* 
which arc considered most effectual test-objects for telescopes. 


If such a telescope will not shew these objects when charged 
with sufiicicut magnifying power, wc must conclude ' that the 
workmanship is defective either in the large or small plane mirror ; 
and that it is useless to speak of a parabolic figure until the 
mirrors will succeed with them in a satisfactory manner. It is, 
moreover, to be remembered, that the physical effect of diffraction 
would remain, even if the mirrors were each of a perfect surface 
and polish. 


The great difficulty of making the small mirror of the New- 
touian telescope very nearly pUnc, renders it advisable for amateur 

* See Hersdiers “ Astronomy ” chapter xii. 
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telescope makers to construct the Herschelian form first ; remem- 
bering that by dispensing with the small miiTor, one-third of the 
light is saved, and hence there will be equal brightness with a 
speculum of considerably less aperture, which, however, should 
not exceed one-fifteenth to one-twentieth of the focal length. 

Art. 10. Prop. To investigate an esrpression for the dif- 
ference of the extreme abscissa for a spherical mh^or, and one 
formed by the revolution of a conic section about us major axis, 
when they are of the same aperture and focal length. 

Since the radius of cuivature of all the conic sections at the 
extremity of the major axis equals half the latus rectum, and 
we must have the spherical mirror the nearest possible to the 
given ellij)soidal, paraboloidtil or hyperboloidal one, therefore the 
radius of the spherical mirror must equal half the latus rectum of 
the conic section by which the surface of the other is generated. 

Let CAC be a conic section, of 
which the focus is F, BAB' an arc of 
a circle whose center is O and radius 
IS AO=^r, which is equal to half the 
latus rectum of CAC\ 

Then the general equation of a 
conic section being 

where w= latus rectum, and /y = 0 in 
the parabola, is negative in the ellipse, 
and positive in the hyperbola ; also if a and b be the major and 
minor axes of the two latter, we have 

m=2 , -f-— 2- 

a u^ 

If y^^2rx—x^ be the equation of the circular arc, by- the above 
conditions, we have 2r=:w. 

Now let the extreme ordinates be equal, or BM^y=-CN, and 
let AM:^x, AN=ix' ; to find the difference MN=x^x, we have 


V » 
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y^-=i%rx—3^ 

subtracting 0=:2r (a?— a?')— 

or iV3f= the difference of the abscissae required 

, x^+nx'^ 

Since x and x' are very small compared with 2r 
and y^=x (2r — a?) =a?' (2r + nx') 

we may use the approximate expressions ^ ~ 2r 

and iVif=-^(l+») 

a ^ 

This formula gives a very correet value for NM, until the magni- 
tude of y is much greater than is ever used in telescopes : to 
apply it to a parabolic mirror in the example of the last article, wc 
have 

iVM= inches 

8 X 172* 

= .0000024 inph, 

or less than one four hundred thousandth part of an inch. Wc 
may readily grant that a spherical mirror should be very accu- 
rately ground and polished before a parabolic figure is thought of ; 
and then the quantity to be polished away at each point is 
proportional to the fourth power of the distance from the vertex. 

When the axis of the incident pencil falls obliquely on the 
mirror, the effects are not symmetrical, but may be classified 
under two heads : the mirror not being very small nor the obliquity 
very great, we may term the effect oblique aberration ; and when 
the mirror is very small, or the obliquity very great, we may call 
the effect conftmon. 

We shall be better able to trace the changes which arise as the 
obliquity is increased, from the least circle of aberration, when the 
obliquity is nothing, to the formation of the least circle of con* 
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fusion, when it is very great, by first considering the origin of the 
caustic lines and caustic surface. 

The caustic line being the locus of the intersections of con- 
secutive rays, takes two forms, according as wc consider the 
consecutive rays to have the same plane of incidence, in which 
case the caustic lies in the same plane; or, as we consider the 
plane passing through two consecutive rays to be perpendicular to 
the plane of incidence. We arc at present considering only the 
reflexion by spherical mirrors, and referring to the figures of 
Art. 9, wc see that the caustic for the rays, incident in the plane 
of the paper, will have two like branches aq^y bq^y one abo\e and one 
below the axis Aq^y meeting 
in a cusp at the geometrical 
focus q^y as in the annexed 
figure ; and the revolution of 
cither branch round the axis 
Aq^ will form the caustic sur- 
face. If tile mirror be cut 
by a plane perpendicular to the axis, the intersection will be a 
circle with its center in the axis, and rays incident upon the 
mirror in this circle will be all similarly related to the axis, and 
the reflected rays will all intersect it in the same point, which is 
the vertex of the conical reflected pencil. If wc consider the face 
of the mirror to be made up of such circles, we shall have the 
reflected light forming a series of cones with their common axis 
that of the mirror, and the vertices of the cones forming another 
caustic or focal line. 

In the cases of accurate reflexion, the caustics are reduced to a 
point, which is the accurate focus. 

Whether we consider the caustic surface to be formed by the 
revolution of the caustic curve, or by the ultimate intersections of 
the series of cones which have their bases^ circles on the face 
of the mirror, and their vertices in its axis ; we see that the sections 
of the reflected pencils will not be symmetrical unless the mirror 
be a segment of a sphere, with its axis coinciding with the axis 
of the incident pencil. 
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If we could suppose a large mirror reflecting a large direct 
pencil, and forming the corresponding caustic surface, and then 
could trace the modifications of the latter, when portions of the 
mirror were covered over so as to lesive only a small rejecting 
surface, we might find the eficcts in the reflected pencils for 
different cases, but they will be found in the following propositions 
better treated by independent methods. 



Art. 11. Prop. To find the form of a pencil reflected 
obliquely hy a small spherical mirror. 

Let BCB be a section of the small mirror seen in perspective, 
which maybe con- 
sidered a portion 
of a larger one, of 
which the center 
is 0. Let Q be 
the focus of the 
incident rays and 
draw the line QOA 
which will be the ' 
axis of the sup- 
posed larger mir- \ 
ror. Let C be the 
center of the aper- 
ture of the small mirror, QC the axis of the incident oblique 
pencil, Cg'iQ '2 that of the reflected pencil. Let QP be another 
incident ray, in- 
definitely near to 
QC, reflected in 
Pqi ; then be- 
ing the intersec- 
tion of the re- 
flected rays, is ^ 
called theprimary \ 
focus of the pen- 
cil. If we take 
other planes of 
incidence, which 
all pass through 
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the line QOA, above or below the plane of the papcr^ the reflected 
rays will have their primary fod in a circular arc above or below 
gi respectively; and for the whole of the mirror we shall have 
formed this arc as the primary focal line at q^. 

In the lower figure, let BCIf be a circular arc, which is the 
intei’section of the mirror by a plane perpendicular to and 

QCy QP being rays incident on DCI/, they will be similarly 
situated with respect to QOA ; then the reflected rays will also be 
similarly situated with respect to QOA and will intersect it in the 
same point ; or q 2 is the secondary focus. If we take other 
circular arcs in the same manner, higher and lower than DdX, 
they will have the secondary foci, further from or nearer to 0 than 
5^2 respectively, and for the whole mirror will form the line of 
secondary fod in ^OQ. 

To find the distances O/p Cq^ from the center of the mirror; 
let QC=iU, CO=^r, Cq^^Vi, Cq^^v^, and the angle of incidence 
of the axis of the pencil, QCO= 2 = angle of reflexion qfJO. 

In the upper figure draw the pci’j)cndiculars On, Cm, upon QP 
produced, and q^P respectively : then the indefinitely small 
triangles CPn, CPm, arc equal in every respect, for they liavc 
the side PC common, the angles at m and n right angles, and the 
angles CPtt, CPm equals, because they are the complements of 
the angles of incidence and reflexion at P. 

Pn^.Pm 

jind Pn = QC— QP= decrement of u 

= —dw 

Pm = g'iP— Vifc^=bicrcmcnt of 
dt?i= —dtt. 

Join Oq'i ; in the triangles QCO, we have 

Q02 = QC®4'0C5^-2. QC. OCcos. i 
= + r® — 2rw cos. i 

q^CP^q^C’^-k- OC*'*— 3 . qf ) . OC cos, i 
== t’l® + — 2rvj cos. i 
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here «, p, and cos. i wry from C to P, whdst QO and y,0 are 
constant. ••. differentiating we have 

0= udu — >• cos. * du —ru d . cos. i 
r cos. i dV’^’—rvi d . cos. i 

equating the values of d . cos. i, and omitting the common factor 
du after substituting — du for dvi^ we have 

rcos. i r cos, t — Vi 

ru rVi 


.whence 
which gives v^. 


1 2 sec, i 

Vj ““ r u 


Again in the triangle QCq^y the radius OC bisects the angle 
QCq^i and we have 

QO _ q^O 
QO'^q^C 

and QO^xq^Cr^^q^O^xQC^ 

or Srw cos. i) Va^=(ra^+r®— 2 rr 2 0 

and reducing 

r (V— w^) =2 UV 2 cos. i (v^^u) 
or r (va + m) = 2 w^a h dividing each term by urv^ 

1 2 cos, i 1 

*’ r T 

which gives Vg. 


Art. 12. Prop. To find ike least circle of confusion in a 
pencil of rays i after oblique reflexion by a spherical mirror. 

As the most interesting case in the oblique reflexion by sphe- 
rical mirrors^ we will first take the circumstances in which it 
would be applied in the Herschelian telescope. The axis of the 
eye-tube coinciding with that of the reflected pencil^ we must seek 
the section of the pencil perpendicular to this line, between and 
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^ 2 , which is the nearest to a circle^ or when the length equals the 
breadth.' 


In the figure, let C be the center of the face of the mirror seen 



in j)erspective j Cq^q^ the axis of the reflected ])encil ; dq^d' the 
primary focal line ; bqfj) the secondary focal line, or section j)cr- 
pendicular to Cq^q^ through which is a narrow figure of eight, 
since the secondary foci are in the line Oq ^ ; and let mrnshc the 
least circle of confusion, where mn in the plane BqJ^ equals rs in 
the plane Bq^I/, 


Let jB5'=Z>Z)' the aperture of the mirror =2a; the breadth 
MN of the pencil perpendicular to Cq^^2a cos. i, because angle 
BCN = angle q^CO^i, when BB> is small; let Cq^^v^, Cq^^v^ 
as before ; and let o in the line Cq^q^ be the intersection of mn 
and rs. We have by similar triangles 


dd' Djy . jf ^ r ^.1' f \ 

— , or the primary local line, dd = — (Vg— -Vi) 

bb' MN 1 r IT tLtf 2a cos. e. . 

^ or the secondary focal line, i)b = (v 2 ~^i) 

1 rs dd' 2a 

and = . or rs^^q^o , — 

mn bb' 2a cos, i 

= ormn=OiO . 

yio 2x22 


= (»s-»i-?aO> 


2a cos. i 


but mn^i 
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whence 


2a , .2a cos. i 

920 . — =(1^2 - f^i - M— 


920 


— 


C 08 . f fa — g?i) 
Vi + ^2 COS. i 


which gives the position of the point o, and when * is small or 
cos. i=l nearly, 920 =i{v^—v^) nearly; or the least circle of 
confusion is nearly equally distant from and gg* 


Again, the diameter of the least circle of confusion 
2a 

==920 • — 

__ 2a cos. i (^ 2 — 

^1 + ^2 ^os. i 


Since the telescope is used to view distant objects, putting— =0 

, r cos. i r sec. i 

we have ^ — , ^ 2 = — g — 

substituting these values 

the diameter of the least circle of confusion 

(cos. i + l) 

= 2a (I— cos. i) 

= 2a vers, i 


If we suppose the aperture to bear the proportion to the focal 

f r 

length, which is found in achromatic telescopes, or = 

16 oO 

we have i^^7' nearly, 

and the least circle of confusion =2« vers. 67' 

=2ox .0001375 


In this proportion a mirror, as in Art. 9, of 86 inches focal 
length, would have an aperture of 6-}-^ inches, and the least circle 
of confusion = . 000788 inch 

==tt S - O ' i*ich nearly, 

which is much more than the aberration found in Art. 9, though 
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still a small quantity j and the apeicture might be reduced below 
this proportion, and still have equal light with the Newtonian form, 
besides saving the errors of workmanship of the small plane 
mirror. 


Cor. When the incident pencil is conical, with its perpendicular 
section a circle, and falls obliquely on a larger mirror, so that DIX 
in the figure =A = breadth of the pencil; then fij3'=Asec. i. 
Proceeding as before, we find 


the primary focal line 


Diy 


~ Cq^ • 


the secondary focal line being a section of the pencil by a plane 

BH' 

through q 2 parallel to the tangent plane to mirror at . yp/, 

i.(l\ 


K sec. i 






which give, by the same method as before 


cos. t H- r .2 

and the diameter of the least circle of confusion 


_ A (W2— t^i) 

cos. i + V .2 * 

When the incident pencil consists of parallel rays, we find by the 
same substitutions as before, 

the diameter of the least circle of confusion =t— 

^ 1 H- cos.3 ^ 


We have seen in the preceding articles the effect of the figure 
in a spherical mirror in producing aberration directly, and the 
effect of a small spherical mirror in producing confusion, but an 
effect of equal or indeed greater consequence has hitherto not been 
discussed by mathematicians, namely oblique aberration. 

If OA in the figure is the axis of BAB, a spherical mirror, OA' the 
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axisof apencil falling obliquely upon it, and we take A!b=AS the 
distance of the 





pencils at g, 
and the rays at 
its edge cut- 
ting the axis 

in s : the rays reflected outside this area will cut the axis nearer 
to A', and we suppose the one reflected from the edge at B to 
intersect it at q'. 


If we now consider the perpendicular sections of tlie reflected 
pencil^ we shall see that nearer to A' than q' we shall have an 
oval^ like the first of the lower figures in white^ most flattened and 
brightest at a, the upper edge ; about q' we shall have a section 
like the next figure (the nearest approach to the primary focal line 
which occurs at gi'eater obliquities)^ the upper part a, in the first 
figure, has descended to a in the second, by an overlapping of the 
upper rays, producing a bright upper edge j at the intersection 
of the lines JB'a and Bq' produced, we have the parts a and b 
coinciding, and a little nearer s we have a section, like the middle 
figure, the part a being the lowest and the part b above it, 
the upper part being now very bright ; near s we have a section 
like the fourth figure, with the upper part very bright j . and 
between s and the place of the least circle of aberration for the 
area, whose section is bA'Bf, a section like the last figure, with an 
upper bright nucleus at b and the coma descending to a* 
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These appearances may be verified with an ordinary concave eye- 
glass ; using the light from a lamp passing through a hole in a 
card, for the luminous point, and receiving the light rejected 
from one of the concave surfaces on a white screen. The appear- 
ances will be found to change with the obliquity, and to approxi- 
mate to the primary and secondary focal lines and circle of least 
confusion, when the obliquity is considerable or the reflecting 
surface small compared with the focal length. 

If we were to choose the most symmetrical small area for the 
focus, perhaps the middle figure, which corresponds to the circle 
of confusion, where the length equals the breadth, would be taken ; 
but the eye is not satisfied that it is the nearest appro:amation to 
a focus, and prefers the last, with the bright nucleus, notwith- 
standing the lengthened coma. 

Art. 13. Prop. To find the length of the coma and of the 
cometa.or figure of oblique aberration when a pencil of rays falls 
obliquely on a spherical mirror m 


Let BbAA'B^ be a section of the mirror by a plane through the 
axis of the mirror and the axis A'qoq of the oblique pencil; so 



reflected at B, cutting the axis in q', and forming the limit of the 
coma at a; s the intersection of the axis by the rays bs, Bfs; 
q the geometrical focus for rays reflected near A' ; ma the figure 
of oblique aberration, so that no is the radius of the least circle of 
aberration for the area on the face of the mirror, whose diameter is 
bABl, and oa is the length of the coma. 


D 



04 


OFHVb. 


From Art. 9 

From the similar triangles q'oa, q'N'B we have 


also by Art. 9 
and 


oa_BN' _y' 
q'o'^q'N' "" 2 ?i 

y' / 

or oa^—qo . 
3 

qo=-^qs 


nearly. 


(21 


qs_ 

99''^y'^ 


3 


.\qo=:qq-qo=zqq 

Substituting this value in (2) and the value of qq' from Art, 7, we 
have the length of the coma 

r \r u / \ y^/ Vi 

_y'H^/\ IV 

r \ r u ) \ 4 y'^/ 

If or the obliquity vanishes, this expression becomes 
4r \ r u ) 

the 'radius of the least circle of aberration found in Art. 9. 


As the ratio ^ becomes smaller, the quantity to be subtracted 

y 

in the last factor becomes rapidly less, and the brightness of the 
nucleus rapidly diminishing, the magnitude of the coma becomes 
rapidly increased, until the axis of the pencil falls on the edge 
of the mirror or A coincides with B when its value becomes, 
since then ^=0^ 
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r \r u ) 

and we still consider the mirror of such aperture that the longi- 
tudinal aberration varies as nearly. 

For the value of noa 
we have 

= the extreme length of the figure of oblique 

aberration. 

The above discussion applies to the images formc<l by the 
object-mirrors of reflecting telescopes of the Newtonian, Gregorian 
and Cassegranian forms ; the points in the images out of the axis 
being affected with oblique aberration when the mirror is spheri- 
cal ; and the obliquity of the pencils forming these images is 
never very great. See Chap, ix, Part I. 

When a pencil from the object-mirror falls obliquely on the 
small mirror of the Gregorian or Cassegranian telescopes, we have 
the section perpendicular to the common axis of the mirrors a 
circle very nearly, because the aperture of the large mirror is so ; 
but as the obliquity is always small, wo may considej* the form as 
a right cone; and this conical pencil falls entire on the small 
mirror, so that the circumstances are only different to those cd the 
reflexion at the large mirror in the obliquity of the second 
reflexion being greater than that of the first. 

Art. 14. Prop. To find the aberration of an ellipsoidal 
mirror for a direct pencil ; when the conjugate foci of the incident 
and reeled rays do not coincide with the foes of the mirror.^ 
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similar to that of the speculum of the reflecting microscope 
(Part I. page 140), let Q be the focus of the incident rays, 
AQSHq the axis of the mirror, QP any ray reflected in Pq ; and 
let PG be the normal at P. 


Let AQ=u, Aq=Vi AM=a^, PM^y^ and the equation of the 

^3 

ellipse a?®) ; also, according to the ordinary notation, 

^=1-^ 

Then the equation of the normal at P being 

at G we have w'=0, and x AG — hc^ar. 

a 

Since the normal bisects the angle QPq wc have as before 

qG _ QG 
qP "■ QP 

and proceeding as in Art. 7, 

v3 


1 2 1 /I 1 \3 

'A^~'AG ~AQ"^^^{~IQ~'Ag) 

- -+2x(- - ~ — ) 


1 

or -=t 3 
V (r 






1 2a 2eVa? 1 „ /I aV 

vTl^ 3* tekm^ only terms with 

the first power of x ; 

V u 1 \« 

where the last term is the small variation of - , or 8 
8t>=the aberration = — VjV . 


and 
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= -V2*{(i-jy-^} nearly, 
where I’l is the first approximate value of r. 

If we put u=AS=a (1 — e) = ^ : we liavc the 

coeflGicient of — thus 

ay 

V b^f 

or the aberration vanishes^ as was found in Art. 13, Part L 


If e=0 the ellipse becomes a circle, and the result becomes 
identieal with the corresponding one of Art. 7. Wo s<*e that tin’, 
aberration, vanishing when Q and y coincide re8])cetivcly with 

and //, becomes greater as the term diders more fi-om 

C“ ci^ . , 

, and changes sign as Q passes from one side of to the 

other. 


*T[f wc use the appvoxiiiiate value, .r— , we liavi* 

which W(; may employ to find tlic least circle c>f aberration, as in 
Art. 9. 


Art. 16. Prop. To investigate an expression for the ahm'a- 
iron of a ray^ of a pencil falling obliquely vpon a concave ellip^ 
soidal mirror y in the principal section. 

Let BAABf be the elliptic section of the mirror in the plane of 
incidence of the ray QP; and U being the foci of the ellipse 
and Q being the focus of the incident rays; also QA' the ray 
which falls perpendicularly on the mirror and is taken for the 
axis of the pcncU. 
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Referring the ellipse to the tangent Ay and normal A as 
axes of db-ordinates^ let AM^x^ PM=^y be the co-ordinates of 
P ; and C being the center of the ellipse, let a = angle CA'G', 
between the semi-diameter A^C and normal A'G' ; then trans- 
forming the equation of the ellipse referred to AC and the conju- 
gate diameter as axes of co-ordinates, to those in the figure we 
have the equation of the ellipse 

{y + x tan. u)^__2x sec. a ^ scc.^ « 

P ““ a' P 


where a' ^ AC, and b' is the semi-diameter conjugate to it ; these 
can be found in the given ellipse when the point A' is given ; also 
if x^yi are the co-ordinates of A when the ellipse is referred to the 


V ^ 3D ^ 

center and principal axes, or when 1 


tan. a=tan. C/4'Q=tan ( between AQ and AC— / ACA) 
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Since PC? bisects the angle QPq, we hare as before 

q&_QG' 

gP~QP 

and putting A'q=v, A'Q—u, and A'G'=» a quantity varying 
with the position of P, of which the value is found below, wc have 
as in the previous propositions 

V 8 u \a u/ 

/I 1\2 

Ai-d (2) 


3 1 , j 

= 

8 U 


To find 8 we have 

8^A'G'=:A'M+MG' 

— 4- i/_£. 




dx 


Since a and y arc small, and x very small, wc may use from (1) 
the approximate value sec.-* « ’ 

terms with powers of y above the second, wc find 

2iii'-sec.«r 




2- 


3 ya^ tail, a tfd 

/I'i 2 « 26'^ bCC, 


L!^|l_AZi!^_5tan.= „} 
JC.** at a J 


A 2 sec. « 3 . , 

s = — -? ^ytan.a + 

whence 

g 

« 6'-^ sec. 2 6'* sec.® a 

for substitution in the small term, we have the approximate value 

therefore the equation (2) becomes 

1 _ 2g' Syg'^tan.a y’a'^ f, * 5 tan ** al ^ 

V 6'* sec, a If* see? a V* sec.* a I a!^ J u 

, yv ( •*' ly 

i'-* sec, i\b'* sec. a u) 

_ 2d I W»tan^ f / o' 1\® d'^ /, ^^sec.^o 

A^W.o“”« y*8cc.*a **" A'*8ec.o| \A'*iec.o w) 6''*8ec.*a\ d^ * /J 
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If we put V, the first approximate value of Vj we have the aber- 
ration 


= v, — v 


) 

^ \v Vj/ 


When Q is so distant that - may be neglected, we have the 
aberration 
6'* sec.2 a, 


Sya'tan. a\ fSya'-tan. a (b'^%GC?a >* M 

} 


3 , . y-a' fi'^sec. a tan.® a 

= jy tan. a + 1 — n — + 

4 ^ ^ sec. ai 2 


We see that the aberration depends partly on a term with y, 
and partly on one with and is therefore not symmetrical for all 
parts of the pencil; the term with y has, however, the small 
quantity tan. « a multiplier, and is therefore very small. 


In the expression for -, 


the term with y® has a positive and 


negative part, and is very small when Q is near H or S. When 
we make a=0, we have the result of the last proposition, Q being 
then in the axis of the mirror ; and when further we make 
we have the results of Art. 7 for a spherical mirror; also if wc 
make the major axis of the ellipse and u infinite, the results, agree 
with those of the next proposition, for a pencil of parallel rays 
falling obliquely on a parabolic mirror ; so that the above results 
may be considered as the most general that we can take. 


Art. 16. Prop, To find the aberration iwthe •principal section 
for a pencil of parallel rays falling obliquely on a paraboloidal 
mirror. 


Let AF be the axis of the paraboloidal mirror BAA'Bf ; and 
let AlG*x be the ray of the oblique pencil which falls perpendicu- 
larly on the mirror : another of the parallel rays in the plane of 
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the figure, or prin- 
cipal section, being 
incident at P; let 
Pq be the reflected 
ray. If « be the 
angle which the ray 
A'x makes with the 
axis of the mirror 
AF, and we refer the 
parabola BA'B> to 
the normal A'xj and 
the tangent Ay as axes of co-ordinates, wc liavc the equation 
of the parabola 

{y-^x tan. a)-=4»/ . x sec. a 

where m* is the distance of A from P, the focus of the parabola. 

' Let PG' be the normal at P; since it makes equal angles with 
the incident and reflected rays, wc have the trianghi PG'q isosceles, 
and Pq=qG'. Let Ag=v, 

To find AG', let A'M=x, PM=^y be the co-ordinates of P ; 
we have 

- , 3 . , 

= 2w sec. » — ^y tan. 1 1 6“ j 

2 4m sec. u\ 2 / 



and 


To find Pq, we have, 

Pg= V'jlfgMTPM 

I- nearly 

Pg=A'G'-J'g 
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whence «=«-«».« -i) } 

and using the approximate value sec. a in the small term^ 

we have. 


v=m' sec. 



tan. 


tan.^ a 
16 m' sec. a 


Here the two latter terms are the aberration, which we see is 
always exceedingly small in the f^arabolic mirror of a telescope, 
where tan. a is always very small, as well as y. 

From this discussion we learn that even in the oblique pencils, 
the parabolic has a great advantage over the spherical mirror in a 
rejecting telescope. The rays reflected in other planes of oblique 
pencils, will not meet the normal rays; t>ut the error will in all 
actual cases be exceedingly small. 


Art. 17. Prop. To find the form of the image of a straight 
linei given by small direct pencils reflected by a concave spherical 
mirror. 

Let BQC be the straight line, and BACA^ the section of the 
sphere of the mirror 
by a plane through the 
straight line and center 
O. Then the foci for 
small direct pencils 
will lie all in this plane. 

It is clear that the part 
of the straight line 
from which rays can 
fall on the face of the 
mirror is the part 
within the circular sec- 
tion, when it has a position as in the figure ; and there will be 
two images, one real by the mirror BAC, and the other virtual by 
BA^C. 

Let AOQAi be the diameter perpendicular to BQC, and let q 
be the resd image of Q by the mirror BAC; o, the virtual one by 
BA^C. 
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If we take any other point as O', we shall have the two images 
q and q\ as in the figure, in the line A'OQf; and to find the loci, 
or images of the various points of the given straight line, it is now 
more convenient to refer the positions of the conjugate foci to the 
center O. Thus, let Q'0=j», q'O^q and AO^r ; we have from 
Art. 19, Part I. 

q'A'_ Of A' 
q'0~' QO 


or 


UV 

q r p 


Let the perpendicular distance OQ—tw, and ^ 


we have 

p — m sec. Q 

and 



q r m sec. 0 


rm 

or 

cos. $ 


1 + TT' cos. 
2m 


Comparing with the polar equation of a conic section 


/ 

^ 1 + e cos. 5 

wc see that the image is an ellipse when 

a parabola . . 

an hyperbola 


^ is less than m 

^ is equal to m 

- is greater than m 
2 


and in all cases the half latus rectum I equals ^ the focal length of 

the mirror; and the center O of the mirror is the focus of the 
conic section. As a particular case of the ellipse, the image 
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7 * 

becomes a circular arc when m is infinite, and =0/ or the 

flm 

image of a very distant object, as a heavenly body, is formed in a 
spherical surface concentric with the mirror, and of radius the 
focal distance ; for although the visible discs of the sun and moon 
are spherical, yet the relative distances of different points in them 
are so nearly the same, that 
the images of them formed by 
a small telescopic mirror will 
be indefinitely nearly as 
stated. This is a point of 
eonsequence in investigating 
the best form of an eye-pieec 
for the Newtonian tele- 
scope. 

The parabolic images take 
place as in the annexed fi- 
gure. 


The hyperbolic images take place as in the annexed figure. 



When the straight line is outside the circular section of the 
sphere of the concave mirror, there can evidently be only one 
image formed, which is an elliptic arc, as in the first figure, 
but of diminishing cccenti’icity as the distance m becomes greater. 
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Art. 18. Prop. To find the image formed by small direct 
pencils, of' a straight line placed before a convex spherical 
ndrror. 

Let QQQ' be tbe straight line, and BA'AB^ be the section 
of the sphere of the mirror; and OAQ the perpendicular from the 


center O upon the line. Let g bo the virtual focus conjugate 
to Q, and tahing any other point Qf in the straiglit line, join 
O, (f and let f be the focus conjugate to Q' ; also lot Z Q'OQ=0, 
OQ=m, OQ 0(/:=.q, OA=r, then as in Art. 30, Part 1. 

fA'_QA' 

q'o qo 

r — q _ p — r 
q p 

p 

J 

r m sec. 0 

r 


2 



r 

which is the polar equation of an ellipse, with the half latus 
rectum, and O the further focus. 


or 

whence 
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Aet. 19. Prop. To find the f(yrm of ih^ image of a straight 
line, produced by oblique pencils, reflected at a small concave 
spherical mirror. 


We bare now to consider 
the image as the locus of the 
circles of least confusion^ in 
the obliquely reflected pen- 
cils. 

Let BAB be the small 
mirror, «f which the center 
of curvature is O, and Q QQ" 
the straight line; let AOQ 
be the axis of the mirror 
perpendicular to O' QQ', and 
, 9 the focus conjugate to Q. 





If we take any other point, 

as O', join A, Q, and draw Ao, making Z oAQ= t QfAQ, then 
the least circle of confusion for the reflected pencil will be at some 
point in this last line, as at o. 


To find the form of the image, let AQ=a, AO=r, Ao=v, 
AQf =w, Z Q'AQ^i; then u=a sec. i, and by Art. 11, we have 


1 2 sec. i 


iP \ *3 

1 


nearly 


l_2cos.i 1 2) ^ 2 " 

Vf~r u ~ r a ‘ ' 

adding we have 

1 . 1_4 8 , /, . Pr \ 

and + 1 \\ X ( 1 l\l 

Vi V3 \r a 2\r a/j\r a 2Vr a/J 
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But since the least circle of confusion^ by Art. 12, is nearly 
equally distant from the primary and secondary focal lines, we 
have 


+ Vo 

Ao=v==-^-^ 


- 2 Vt;, 

/ ra I 

~'\2a-r/l 2a-rJ^\ ra /I '^2(2 a- r) 


} 


ra 


2 a— r 
ra 


(l — \ 

V 2(2a^r)) 


e** . r-a 

2 a— r 2(2a— r)® 


(1) 


We may compare this expression with the apjjroximate polar 
equation to a circular arc ; 


obtained by putting as be- 
fore, cos. * = 1 5 - near- 


S 


ly, in the value of OF^ 
from the triangle SOP in 
the figure ; where 0 is the 
center of the circular arc PAP, and S the pole. 



Let 0^=r', SA^a\ SP^p, iPSA^i, 
then r') cos. 1 , 

from which we find the approximate equation 


pssa' — i® . 


a'(a'-r') 

27 



omcs. 
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When the circle is convex towards S, and therefore A the 
nearest pointy we find 




a'Ca'-hr') 

2r' 


If /o=v in the above equation (1) we have 

in the first figure 

2a— r ^ 

a' {a'—r') _ 

r {2a— r)^ a 

a{a'—r')=r'a' 

, ad 

^ ■“T+a 



or the image is approximately a circular arc with radius . 

A 

We see that an image formed in this manner is concave towards 
the mirror, whereas from Art. 17, the image formed by small 
direct pencils is convex towards it; neither, however, of these 
two modes is that in which the image formed by the object- 
mirror of the Newtonian, Gregorian, or Cassegranian telescope 
arises, for it must more strictly be considered as the locus of the 
figure of aberration, as found in the next proposition. 

Art. 20. Prop. To find the form of the image of a straight 
line produced by a concave spherical mirror, when it is considered 
the locus of the cometa of oblique aberration. 

As in Art. 17, we have to refer the image to the center of 
curvature of the mirror, and now require expressions for the 
direct and oblique aberrations in terms of the polar co-ordinates. 
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Let^OQbe 
the axis of the 
mirror BAB^, 
meeting the 
etraight line 
perpendicular- 
ly at Q; and 
let 0 be the 
center of cur- 
vature of the 



niiiTor. Let any 

ray QP be reflected m Pq, and let AO^^r^ QO=p, qO—q\ also 
AM-=-3l, PM^y, the co-ordinates of P. 
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Substituting these values in (1) we have 

^ ^ 2r (r — y) _ 2r (p + r) 

q p 

. JL 1 , 1 \ 

y 2r^ij9H-r r — y-» 


substituting the first approximate value of q in the small term, 
we find. 


whence 


q r'^p 7^ 

_2£^f _ fp_ _1 
~ rp \ r^(2p + r)l 

rp yY 

^ 2p+r r(2p-^ry^ 


( 2 ) 


where the last term is the aberration of a ray incident on the 
mirror at a point distant y from the axis. 


Let Q' be any point in the line; and let QfOA' be the ray 
falling perpendicularly on the mirror, which is taken for the 
axis of the oblique pencil, making Z Q'OQ=d. 


If qi be the first approximate focus of the direct pencil; and 
q^q' the aberration of the extreme ray, then the place of o, 
the least circle 
of aberration, 
is such that 

JiO=5?i9' 

Art. 9, Also, 
if o' be the 
place of the 
cometa of ob- 
lique aberra- 
tion in th^^ray 

O' OA'y it will be a point in the image. 



Let a be the angle BOA or BOA, of the semi-aperture of the 
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mirror at O, wc have tf=ra nearly for the extreme rav: and 
A'B'=r(u—S) ne&r\y. 

If we put now OQ=m, OQ'=p, Oo'=q, we have 
see. 9= »i^l+ nearly. 

Now, by Art. 13, and substituting the corresponding quantities 
ill (2) we have, 

r .OQ ,3 A'BKOQ- 

^ ® aOQ'+r ■*'4j-(30Q'+r)- 

__ r , m see. Q 3 (a — d)- ni- sec.- $ 

*” 2m see. 5 -f- 7* 4 r (2m sec. $ + 

2w(l 4 y) + 

~ 4 4_ nr j 0 V* I 

2m + r“^ 2^2^ + /*)'^“^ I + 2^1+7 J 

If we take a small as in telescopic mirrors generally, and $ for 
the central parts of the lield of view, small in comparison witli «, 
we have the principal terms in the value of r/ tluis 

rm 3 rernr 3 ra^ur 
t (2m + r)- ~~ 2 {2m-^ry 

which being of the f<wm 

g=a — - dd 

where b is small, is the equation of an arc of a spiral : also a 
and 6 changing sign together for points on the other side of the 
axis AQ, the whole image will be composed of two such arcs, 
meeting at a very obtuse angle at o ; with the convexity turned 
towards the mirror. 

When, in the next figure, we take q for the luminous point, of 

E 2 
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which the image is at Q, we have from the expressions before 
found 


P 


1 _ 




+ 



substituting the first approximate value of jo in the small term, we 
find 


— 

p q 7 * 9 ^ 


whence 


rq 

r{r 


where thfe last term is the aberration, which the negative sign 
shews, is measured towards the mirror. 


* Taking now 7 ' any point in the straight line, let A'q'Oo' be the 
axis of the oblique pencil; and Od =py where d is the place 
of the cometa of oblique aberration in the figure. 



Then, as before, if = and z q'Oq^f^, 


r . Oq' 3 . Oq 

r — 20q' 4 ‘ r(r — • 20qy 


r. O q . sec. d 3 . Oq- . sec.-d 

r — 20q , sec, Q 4 r(r — 2 Oq , sec. S)'^ 


3 


r°(« - (1 + a^) 

»-[r-2m(l + -|)J 


nearly 
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GPf^m 


3 rmP 


'){ 


1 + 


02 *- 


r — 2»i 2(r — 2n<)- 

or retaining only the principal terms as before, we have 


- 2m J 




rm 

r — 2»i 


which is of the form 


1 \r — 2m)" "^2 (r — 2m)- 


or the image of the straight line consists of two arcs of spirals 
again, as in the figure, meeting in a very ivbtuse angle at o. 


The same method applies to finding the form c)f the image 
produced by a spherical mirror when tin*. obj(‘ct is of any other 
given form, as a circular arc or any othm* curve line ; and thus 
to finding the form of the second image in the Gregorian and 
Cassegranian telescopes, supposing the mirrors splu'rical. 


in each of the last four articles we S(‘e that tin* image of a 
straight line is eurv<*d, and that minff correspond in g parts of the 
object and image* arc similar to each other, hut the ratio of their 
magniindea is variable ; so that difl<‘r(‘nt ])arts of the image are 
differently magnified or diminished, nr the image is distortc^d, 
For the small ])ortion of the image, near the axis, which is seen 
ill reflecting teleseopch and microscopes, ihr dihl()rti<m is not 
sensible, and the curvature requires to be eonsider<*d in the con- 
struction of the oy<*-pieee. 


Art. 2J. Prop, To jind thv Jonn of t/tv tniatje of a distmnt 
object, given by a parnboUc mirror. 


Referring to Art IG. fict HAIV be tho^[>arahulic section of the 
mirror: A'G the 


normal at A', and 
the axis of an ob- 
lique pencil, mak- 
ing z A'GA = u 
with the axis of 
the mirror; then 
the focus for the 
direct pencil being 


B 


i 


m: 




t 


«• . 


' 7 
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at the focus of the parabola Fy that of the oblique pencil will be 
at some point q, of which the position is determined by the 
result of Art. 16, as follows. 


sec. a — tan. a— 


\%rd sec. a 


where y=the distance of any one of the parallel rays 

from the axis of the oblique pencil AG, 


The aberration vanishing with a, and changing sign with y, 
for points on different sides of the axis A' G, we may take the 
image as Jthe locus of q determined by the expression 

v^rd sec. «. 


Let AM=zaf, AM^^'^y be the co-ordinates of A, An^Xi, 
qn^y^ those of q to origin A : and let y^=^4mx be the equation 
of the parabola. By the property of the parabola we have the 
subnormal AfG=3m. 


tan. 


_AM _ y' 
MG~2m 


Now 


again. 


x^^An^^^AM+Mn^af +vcos. a=y + 


=x'+A'F=x'-\- 

=a?'+ — Zmaf nearly 


= 4 - m 




=a?+w + -^ nearly 


w 


y^=zqn= AM — • w sin. a = y' — w' tan. a 



neglecting y'® 

if = 2y j and substituting in ( I ) 

X =0,’, — 7W — 

m 
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substituting these values in the equation of the parabola^ 


I have^ 4yj^ = 4wi^a7i — m 




which is the equation of a parabola with its vertex at Fy its con- 
vexity towards the mirror, and its latus rectum one-eighth of that 
of the mirror ; so that wc may consider the small portion which 
forms the field of view in a Newtonian telescoj)c with a parabolic 
mirror to be nearly plane, with a slight concavity towards the 
eye-glass. 
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CHAPTER HI. 

ON THE REFRACTION OF LIGHT AT PLANE AND CURVED 
SURFACES. 

In Part I. the propositions on the refraction of light were dis- 
cussed only to first approximations^ we have now to proceed to 
second approximations^ with other higher propositions. 

Art. 22. Prop. To find the form of a small pencil of rays 
refracted directly at the plane surface of a medium to a second 
approximation. 

Let Q be the focus 
• of the incident rays in 
the figures, for a di- 
verging pencil in the 
upper one, and a con- 
verging pencil in the 
lower. Let QA be the 
ray falling perpendi- 
cularly on the surface and enter- 
ing it without deviation ; QP any 
other ray refracted in the direc- 
tion of q'P. 

Let 

Z PQA^^i = angle of incidence at P, 

/ Pq'A:=i'=: . . . refraction at P, 
we have in triangle QPq', as in Art. 28, Part I., 

Pq' _ sin. i __ 

PQ^imT"^ 
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- 


. - . by siibstitutinpj for y its first 


approximate value in the small term. 

The last term is the aberration of the icfraeted ray, whieh varies 
as y-, and tlie least circle of aberration will be found from the 
results of Art. 9. 

If a eonical pencil of rays be incident at a small obliquity, 
there \vill be oblique aberration, as in spherical mirrors, and the 
nearest a])proximation to a focus must be ctmsidered, as deter- 
mined by the ti«:ure of oblique aberration, according to the results 
of Art. 13. 


Aht. 23. Proi*. 7b find t hr form of a am aJ I penctl of rnija 
nfracted <»blique1y at thr plane stnfare of a mrdinm. 

Let BB' be the refracting medium, Q the focus of tlie uicident 
pencil, and QC 
any ray, ^^hich 
\v(* may take 
for its axis. 

Draw Q.d per- 
pendicular to 
the plane re- 
fracting sur- 
face of the me- 
dium ; then 
QA C is the 

plane of incidence, and z CQA=^i=mg]c of incidence of QC : 
let the direction of the refracted ray meet QA in (/2, then 
^ C</' 2 -^=i'= angle of refraction. 

If we take QP a ray in the plane of incidence indefinitely near 
to QC, the refracted ray will have a direction Pq\ meeting Cg'^ in 
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gr'j, which is the position of the line of primary foci, parallel to 
the refracting surface; being formed by the intersections of the 
rays refracted in other planes. 

If with A for center, we describe a circular arc cCd through C, 
every ray incident upon the refracting surface in this arc will 
be similarly situated with respect to the line QA^ and the refracted 
rays will all meet it in the same point g'g. The rays incident 
on the surface in other arcs concentric with cCc' will intersect 
the line QA in other points, and form the line of secondary foci. 


To find the positions of g'j and let QC=m^ 

draw Cn a perpendicular on QP, and Cm another on 
q\P / then Pw, Pm are the increments of u and tt'j, and 


du _ Pn __ CP sin. i 
du\ ““ Pm CP sin. i' 


. . ultimately 




( 1 ) 


Draw q\a perpendicular to the refracting surface, wc have 
q\a=^u\ cos. i' , and QA=u cos. i. 


Now q\a and QA remain constant, whilst m, u\, i and i', vary 
in passing from the point C to P; therefore differentiating we 
have 


whence 


O=cos. i' dui’-u' I sin. i ' . di' 

O=cos. i du —M sin.i . di 

di __ cos. i u\ du sin.i' 
di' cos. i' u du^ sin. i 

__cos. i 
””cos. u 


from (1) 


also differentiating sin. i=^fi, sin. i', we have 

di __ cos. i' 
di'”~^co8. i 
di 

and equating these values df ^ 




cos.^ i' 
nos.® « 
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Again AC=^ QC sin. i:=q^C sin. i' 




sin, i 
sin. i' 




Between the focal lines there will be a circle of confusion, of 
which the magnitude and position may be determined as in the 
case of spherical mirrors. 

Cor. If the incident pencil had been a converging one, we 
should have found the same result ; like as in the previo::s propo- 
sition the two cases gave the same expression. 


Art. 24. Prop. To find the form of the emcryent peiml to a 
second approximation when a small direct pencil has traversed a 
refracting plate of a medium. 


Let PABR be the refracting plate, of which the tliickncss 
AB=it, let Q be the focus 
of the incident rays, and 
QAB the ray pcrj)endicular 
to the plate and the axis of 
the pencil; let QP be any 
incident ray and q'PR the 
direction of the refracted ray 
within the plate, also gliS 
that of the emergent ray, 
which is parallel to QP, 



Ijet QA = u, f/A = u, qB^Vy AP=y, HB=:g' 
we have, nr 4 




y- 

2fiu 


From Art. 22, . 
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also, supposing the pencil to be incident in the contrary direction. 


Bq' 


’=“+7-2? 


ZfiV 

ify'^ 


+ 1 


\ V UJ 


When t is very small y =y nearly, and the aberrations at the 
two surfaces destroy each other. When t is small but not 
negligible 


r_K^+7)' 


1 + — 


nearly 


id 

^ ■■ ^^ ■ 7'- Y l + 1 ) 

jU. \ fJt>U / 


jW, 


2fjt/^'ur 


or the aberration depends on the thickness. 

Art. 25. Prop. To find the form of a small pencil trans- 
mitted obliquely through a refracting plate. 

Let QC be the axis 
of the small pencil di- 
verging from Q, and 
falling obliquely on the 
plate ; q\ q'^ the pri- 
mary and secondary . 

foci of the refracted 
pencil within the plate; 

q^ the primary and 

secondary foci of the emergent pencil respectively. 
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Let QCz^Uy q\0^u\^ q' 2^—^'2 

g^D=Vi, q^D^v^, AB = t, 

then if QAB be perpendicular to the plate, the angle of incidence 
of QC= / CQA-=i; and angle of refraction Vq\A^ i ; also 
DC=AB sec. i'=t see. i\ 



Again Dr/ 

= u\ 2 -^t see. i 
= + / scr. y 

/ see. i 

Vo — U-^ 

we see that the confusion is a function of the thickness and the 
obliquity, and is very small for thin plates. 

Art. 26. Prop. To find the ray which passes through a 
given prism with the minimum deviation. 

Referring to Art. 33, Part I. Let « = the angle BAC of 
the prism, i= / the angle of incidence at z n'PQ 

=»ftngle of refraction at P ; = z nQP = angle of incidence 
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on the second surface at Q, 
c= Z JiQm = angle of emer- 
gence at Q. 

d= Z QD£!:= the deviation. 

We have as in the above- 
named article^ 

+ ( 1 ) 

=i4-c— a (2) 


from which we obtain the values of the differential coefficients 

dt dc iv'ii /» A .• A "1 ii • 1-1- 

uuu u IS 1/iicrcjiurc; a luxictiuii ux uuc j 



di ' ' de' ^ 
only, let this he taken i', 

then from (1) 


de _ 
di'~^ 


and from (2) 


d {d) _^di ^ 
di' '^dr'^dd ■ di' 


fj, cos. I fju cos, e 
cos. i cos. e 


=0 for the minimum value of d; or 
i' and t=c, for this value. 


To shew that these correspond to a minimum value of d, taking 
the second differential coefficient in respect of i', we have 

d^{d)_dH (dd\ 

dP ^ dP'^dd^\di'} 

— f i“>co8.^i^ sin.i— cos.^isin.i^ fucos.^e^ sin.e—cos.^ e sin. 

L cos.® i cos.® e / 

or for the above found values 

_ 2jx (jx cos.^ i' sin, t— cos.^ i sin, i') 
dP “ cos,® i 

which is positive, since always, sin. i > sin. i' and cos. i' > cos. i 
and the value of d=2 •— a is a minimum. * 



ON PLANE AND CURVED SURFACES. 


63 


Art. 27. Prop. To find the direction of a ray of liyht afUr 
refraction in any planes by a prism. 


Let AB be the edge of the 
prism, in the first figure, being 
the intersection of the plane 
faces CB and BD : let SP be a 
ray incident at P, which is then 
refracted in PQy and emergent 
at Q in QT; so that the refrac- 
tions at P and Q are in different 
planes j PN being the normal 
at P, Qn that at Q. 

If a pencil of parallel rays 
falls upon the prism, the I’e- 
fracted pencil within the pribin 
consists of parallel rays (Art. 2."), 
Part I.), as also the emergent 
pencil j so that if we consider 
the circumstances of a ray fall- 
ing indefinitely near the edge, 
we. shall need to investigate 
only the directions of the rays, 
without taking into account any 
lateral displacen\cnt. 



Let SOs, in the second figure, 
be the direction of the incident ray, and 
take O the center of a spherical surface 
with radius unity ; NON' the normal to 
the first surface, and OR the direction 
of the refracted ray; the plane of fhe 
first incidence being in the plane of the paper. Let nOn, in 
another plape, be the direction of the normal to the second surface 
of the prism, and OT, in the plane nOR, the direction of the finally 
emergent ray. 



Then the letters of the figure being upon the surface of the 
sphere, and the dotted lines being supposed below the plane of the 



64 


OPTICS. 


paper) the arc Ts measures the angle of deviation sOT^d which 
is to be found. 


Let ^ of incidence at first surface = ^ SON= z sON' =^ 


refraction = 

incidence at second surface 

emergence 

the angle of the prism 
the angle between the plane of first 
incidence and the perpendicular 
section of the prism 


ABON':=^i' 
= jL ROn =c' 
= TOn =c 
= z N'On ^OL 


= LRN'n^b 


Then we shall have spherical triangles formed, which will be 
as in the lower figure, where the same letters refer to the same 
points, supposing the surface of the sphere near R to be seen 
more directly. 


Now in triangles sRT, nRN' we have 

cos. 71?— cos. Rs . cos. RT 


cos. 


sin. Rs . sin. RT 
=: cos, n RN' 

__cos. JV'w— cos. Rn . cos. RN' 
^in Rn . sin. RN' 


or 


cos. d— cos. (e—f) . cos. (e—e') __ cos. a— -cos. e ' . cos. i' 
sin (i— -i') . sin. (e— e') ”” sin. e' . sin. i' 

, (cos. a— cos. e'eos. *0 sin. (<— (s— e^) y. , /v 

cos. V__i + eo5.(.-<').eos. (.-/) 


we have also sin. i=jx sin. and sin. e=fi. sin. e' ; also to con* 
nect the angles e' and i', we have from the triangle N'Rn 


cos. d=cos. RN'n^ 


cos. Rn^ cos, RN ' . cos. N'n 
sin. RN' . sin. N'n 


whence cos. c'=cos.^ sin. i' sin. a-fcos. i'cos. « 
which gives e' when «, i' and d are known. 


If we make 6=0 in the above expression, we have, 
cos. e' =cos. (a — f) or « = i' 4- d 
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and substituting cos. a=cos. (i'+e') in the value of cos. d, we 
find, after expanding cos. (*'4-c')> 

cos. d=co8, (i-i'-i-e—e) 

or + i'— e' = i+e—ot as in Art. 33, Part I. 

Art. 28. Prop. To shew that the incident ray and the 
emergent ray make equal angles with the edge of the 

Let the points N\ /?, s, n, T be the same in the annexed figure as 

in the two latter ones of the last ar- 

tide. Take K a point on the sur- 

face of tlie sphere 90^ distant from / \ 

each of the points N' and ?/, where / K \ 

the normals meet it, then tlic line / ^ \ 

drawii from K to the center of the : j ] 

sphere is the direction of the edge of \ / ! \ \ \ 

the prism, \ , j ' :S \ J 


\\\ 


Draw the arcs of great circles x, N ' 

KRj K7) since Kn and KN' are ^ 

each ct[ual to 90’^, w'c have in the triangles KN'R, h'N's, 

KR 

cos. KN R “ — 


cos, /l.V = CO.S. KR— — rTii 
sin. K R 

and in triangles KnR, KnT we have 

cos. KR 
cos. KnR — — : B- 


cos. KT= cos. KR 


sin. 

N'R 

, eos. 


sin. 

N's 

, sin. 

N's 

sin. 

N'R 

r we have 

cos. 

KR 

sin. 

tiR 

cos. 

KT 

sin. 

nT 

, sin. 

nT 

sin. 

nR 


= fjt. cos. KR 


.*. KT:=.Ks, or the points where the directions of the incident 
and emergent rays meet the surface of the sphere are at equal 
distances from the point where the edge of the prism meets it; 

F 
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that is, the incident and emergent rays make equal angles with 
the edge of the prism: also the angle which the refracted ray 
within the medium, measured by the arc KR, makes with the 
edge, is known from the expressions above found. 

Art. 29. Prop. To find the form of a small pencil of rays 
after traversing a prisms in a perpendicular section. 

Let ABC be the perpendicular section of the prism, Q the point 
from which the pencil diverges, QPRS the path of the axis of 



m',' 

the pencil ; draw nQ a perpendicular on the first surface of the 
prism, then by Article 23, the place of the secondary focal 
line will be in it, and q\ the place of the primary focal line will be 
as in the figure. From q '2 draw q'^ni a perpendicular on the 
second surface produced ; then the positions of the primaiy and 
secondary foci of the emergent pencil will be at' the points q^ and 
q^, of which q^ is in q'^m and q^ very near it. 

Let QP = u, q\P=u\, q^P—u'^, q^R=v^, (? 2 ^==V 2 i l^t 
«= iBAC of the prism, i= angle of incidence of QP at P, 
angle of refraction at P, e' = angle of incidence at R on the 
second surface, angle of emergence at R, 


From Article 23 we have 
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Also, if the rays had traversed the prism in the contrary direc- 
tion, converging to and q^, the refracted rays would have 
converged to q\ and respectively ; therefore we haM? 


qiR = it.v^ 


cos.- € 

COS. - C 


Now, 


q^n=.v\^VR=.li\^ AP 


sin. HAP 
sin. A HP 


L(;t APy the distance of the point of incidence, of the axis 
ot the pencil, from yJ, —a; also z = 180 *^— (« H- 

=i80"-(«+w-r) 

, , ,, , sin, 'jL 

then (/ ,it " H I - |- It 

* cos.(«~*/^ 


and ii.Jl-.v\,APH 

, sin. 5c 

— — r---- ... 

- — /■ ) 

Substituting the salucs of and //., we Inive, 

cos.' (' cos. - I sin. V 

; r-T" f o 

COS.'C cos.-/. cos. (a— /j 




cos. (« — /") 


wlnnice 


cos .- 1 


cos.'- c ft sin. x 

cos.- a cos. {x^i') 


a sin. a 

j -A 

^ jX cos. {jx — t ) 

we see that in general there will be a circle of confusion j 
but at the angle of minimum deviation, when ^-'C, i — 


we have 

a sin. a cos.- i 
Vi (^sc — cos ,- 1 

F 2 
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Wc see that near the angle of the prism the primary and 
secondary foci coincide very nearly; but that they separate more 
and more as the thickness^ of the prism which is traversed, becomes 
greater. 


The above discussion shews why the prism was directed to 
be set at the angle for the minimum deviation in the Chapter 
on Chromatics, Part I. pp. 107 — 8. It also points out the 
precautions to be taken when an exceedingly pure spectrum is 
required. 

When the pencil is large, it must be remembered that, in 
accordance with Art. 22, it will be subject to aberration. 


Art. 30. Prop. To investigate the equation to the surface of 
accurate refraction. 


Let the pencil first di- 
verge from Q, and after 
refraction converge to 
some point f in the nor- 
mal to the surface, QAq\ 

Let QA^a, q'A — b. 

Taking any two rays of the pencil QP, Qp indefinitely near each 
other, let QP=p, q'P=zp\ Draw the perpendiculars Pn and pm 
on Qp and q'P respectively ; 

then p« = increment of p 

Pm = decrement of p' = — dp' 
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and if the arc AP—s, then Pp=:ds; let i and i' be the angles of 
incidence and refraction, we have 

Pm=Pp . cos, pPm or ‘—dp'=ds sin. i' 
pn^Pp . cos. Ppn or dp ^ds sin. i 

cfjP = — fji^dp* 

and integrating p= —fjt,p'-^C 

for the direct ray QAg\ we have 

d -f- pb— C 

p^a + f/.b—fj.p ( 1 ) 

which is the property of the surface stated at the bogiiiiiing ol‘ 
Chapter V, Part I. 

To find the equation of the surface to polar co-ordinates, let 
^ PQA=:J, l.PqA^h\ In the triangle Q.Pg ^ we have the 
relations 

p'-z=zp^ -{.[^a-i-by-’-2 p (a-^b) cos. 5 
p^ = -f (a -f />)“ — 2 p(ii 4- fi) cos, 0' 

between these equations and (I) we may eliminate p <tv p\ juid 
obtain the equation of the curve PAI^y for (/ or Q the pole 
respectively, as follows, 

1)— 2/(ja.a + p^b^a + bem,^') + 2ah{p ~~\ ) + 1)0 (2) 

If in (2) we take a indefinitely great, foi^the case of parallel 
incident rays, the terms into which it enters as a multiplier will be 
indefinitely great in comparison with the others which may there- 
fore be neglected; also a being then a common factor, divides 
out, and we have 

, >(,-.) _ Kilt). 

fC-COS.6' 

which is the equation of an ellipse referred to the further focus 
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(f/) as pole, with eccentricity e= — , 
Part 1/ 


in accordance with Art. 37, 


If in (3) we take b indefinitely great, for the case of the refracted 
rays being parallel, we need retain only those terms into which 
it enters as a multiplier, and afterwards omitting it as a common 
factor, we have 

^ 1 . 1 ~ iU. cos. d 

cos. d ^ 

which is the equation of an hyperbola referred to the further 
focus (Q) as pole, with eccentricity in accordance with 

Art. 38, Part I. 


If a convergent incident pencil is to be refracted accurately to a 
focus, or a divergent incident pencil is to be refracted diverging 
ficcurately from a virtual focus, we find for both cases, using the 
same notation as before, 

dp = [jidp' 

and p = a — pi,b '4- 

from which the polar equations of the cuiwe, whose rotation about 
the normal ray QA(/ generates the refracting surface, may be 
found as before. 


From these the cases of accurate refraction at a spherical 
surface, as shewn at Art. 39, Part I. may be easily deduced. 

Art. 31. Prop. To find the form of the refracted pencil to a 
second approximation and the aberration of a given ray when 
a pencil is incident directly on a convex spherical refracting 
surface of a medium. 

Let Q be the point from which the incident pencil diverges; 
PAF^ the section of the spherical refi'acting surface, of which the 
center is O; let QAOq' be the ray which is incident perpen- 
dicularly at A ; QP another ray refracted in Pq\ 
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If is the focus of the refracted rays, for au indefinitely 
small pencil, then is the aberration of the ray Pq\ 



Draw PM perpendicular to QAO, and let AM ~;i\, PM~y be 
the co-ordinates of P, to the oriiriii A ; anil ii* tbi’ radius 
OA^OP:=:r wc have y-~2rx—ar ; let also QA^u, (/A-^n' , 
then QP~QM^-^PM^ 

~(«-f //" 

== (;ii + //•)“ 4- 2?’.r — 

4- 2.e(?/ 4- /•■} 

QP fi/\/ 1 -t {h 4 r) 

V u~ 

similarly f/ (/M' i- /*M - 



Now from the triangles QPO, qPO wc have, as in Art. 43, 
Part I. 

q'O _ QO 
q'P qf 

ix,(t^—r) _ _ u +r _ 


dividing by r, &c., 
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Neglecting the terms involving x we obtain for the first 
approximation ”” ~ 


as found in Art. 43, Part I. 

If wc substitute this value in the small term, we shall obtain a 
more correct value of m', by extracting the roots ; and proceeding 
in the same manner we may find the value to any required accu- 
racy, for any given value of x. 

When X is small but not negligible, omitting powers of it above 
the first, we have, 

u r \r u) L Lw \r uj u u / J ^ 

=?fzLL_i +, !L(1+1)+1./^.1)(L,1 )\ X (1+1) 

r u L«\r u/ r u/\r w/J \r u/ 


r u \r u/ \ fj^-u fjt,''?* / 
f*— 1 1 xr{ii — l) /l ^ ^ 1\ 

r \r u) \ M ^ r) 


If wc substitute the approximate value y- = 2rx nearly, we have 
the second approximation in the following form : 

Kr^uJ \ u ^ rj 


J--L. 

u^2 


and the aberration =w'j— 


When the second approximation only is wanted, we arrive at it 
more concisely as follows, 
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QP3 = + 2a?(M + r) 

=M® + -^(tt + r) nearly 

and gr'P®=w'®— r) 

,,2 

= w'^ — ^(m'— r) nearly 




substituting in 


we have 


g'O QO 

'^Yp=qP’ 




> — ^ 1 y-(f^— 1) /,tt-4 l , 1 




Case 2. When Q is so near to A that (/ is a virtual t'ocxis, as in 
the next figure, we have 



q'p2 = -f- 2.r (tt' 4- t) 
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and 1+^(1+^) 

which gives 

1 ■ a7r(/.-~l) /l lW/^ + 1 . 1\ 
m' y \r^u/\ u r) 

and the aberration q'q\ has the same expression as before, but is 
now measured from A, 

Case 3. When the incident pencil converges to Q, as in the next 
figure, we have 


A 


and QP=«a/ 

V ?/ \r u/ 

which gives 

— 1 j 1 /I ly/ jM^-fl 1 \ 

m '"” r u \r uj \ u r) 

and the . aberration is measured from the first approximate focus 

towards or from A according to the sign of the factor --—1^; 

and vanishes when (jx + l)r=w, which is the case of accurate 
refraction at a convex spherical surface investigated in Art. 39> 

Part I. The aberration also vanishes with the factor A— or 

\r u) 

when M=r, that is when Q coincides with G, and each ray enters 
the medium without deviation. 

We see, that as in the cases of the first approximations, any one 
of the formulae may be adapted to another case, by taking u and w' 
with contx’ary signs when measured in the opposite direction from 
A to that for the given formula. 
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For a pencil of parallel incident rays, if we make oo, wc 
have 

u r y,V 


tr:! 




nearly, 


which can be easily obtained by a direct solution. 


Art. 32. Prop. To find the form of the refracted pencil to 
a second approximation and the aherrafiou of a given ray when a 
pencil is incident directly on a concave s^dierical refracting surface 
of a medium. 


V T 


In the ligurc, O bcinir the center of circular s(‘,cti(>n PAP' 
of the spherical 
surface, let Q be 
the point from 
Nvliicli tlic inci- 
(Ittnt rays clivcr^'c; 
and QP being Jiuy 
iucid<'ijt ray, let 
<1 P be the direc- 
tion of the refracted ray ; QifOA Ining the axis of tlje pcjjcil. 

Lot QA — Pf (/A=--a\ AO^r : aLo, drawing PM p(a‘peudici 
to AQj let ami y — ^re — a*’. 



Now 

QP-^QM'-\~PM- 


= W''-'2a’(« — r) 

and 

l-vG-s) 

similarly 

f/P^-=ij'iW + PM^ 

and 

= u'-2x{u-r) 
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Prom the triangles QPO, g'PO, wc have, as in Art. 44, 
Paet I., 

j'O QO 
j'P “QP 



whence 




If we neglect the terms involving a?, we have the first approxi- 
mation 

p 1 1 

u\ r u 

and if we substitute this value of u' in the term with a?, we shall 
have a more correct value of u' ; and substituting the last found 
value again in the small term, we shall have a still moi’e cori’cct 
value of u', and so onwards until any required accuracy is 
attained. 


When 0 ? is small, wc obtain a more convenient expression by 
extracting the roots as far as the first power of w, and have 


Jt 

u^ 


r \r w/ 1 M \r u/ w'\r m/J 

^ 1 ly /jx+i i\ 

r u fjL^ \r u/ \ u r) 


This expression might be deduced from that of the last article 
by putting — r for r, and —w' for u'. 

For the aberration, taking | the first approximate value of it , 
we see that ^ is greater or less than ^ , therefore u* is greater or 
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less than or the first approximate focus q\ in the figure lies 
nearer to or further from A than q\ according as the sign of the 
last factor in the small term is positive or negative. 


The aberration = /-ij — 

ii. \u^ u ; 

i)/i _ ly, M+i 

\r u) \ u 



We see that there are cases of no aberration for a diverging 
pencil incident on a concave refracting surface, as she\\u in 
Art. 39, Part I., and the aberration changes sign as Q passes 
through the more distant of the aplanatie positions. 


The other eases for pencils of converging rays, may bt‘ inves- 
tigated in the same manner, or the results may be deilueed from 
the previous ones by changing the signs of lines whe n tiny are ty 
be measured in the contrary direction to that in the given case; 
as for instance, 


Case 2. When the 
incident pencil con- 
verges to the point 
Q in the annexed fi- 
gures, vve find, by 
taking u negative in 




the preceding expression, 

-!>, ^-1 1 xr(ii.-l) n IV/zt+l 

u^~~P \r^uj\ u ^r) 

which applies to the upper figure when thence ^ 
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falls on the same side of A with Q; and to the lower figure when 

1< and o' falls on the opposite side of A from Q. 
u r ^ 

The aberration is measured in the first figure from A and in 
the second towards A, from the first approximate focus q'^. 

Art. 33. To explain the change in the aberration when a 
pencil passes at a small obliquity through a circular aperture of a 
spherical refracting surface. 


Let BABl be the section of the circular aperture by the plane of 
the paper ; A being its center, and 0 the center of the curvature. 


r 

- n 










a 





Then OAQ is the axis of the refracting surface ; and if a pencil 
diverges from a point as Q', out of OQ, the line Q'A'Oq' which 
enters the medium without deviation, may be considered the axis 
of the pencil. If q'j be the first approximate focus, q' the point 
where the ray refracted at the edge B of the aperture meets q\A' ; 
and q" the point where that refracted at the edge B' meets it ; wc 
shall have q'^q" greater than q\q', and the sections of the pencil 
near these points will not be symmetrical, but will produce figures 
analogous to the corresponding ones in mirrors as discussed in 
Art. 13. 

Effects of a corresponding nature will arise in oblique refraction 
at concave surfaces. 

Art. 3 1. Prop. To find the form of the refracted pencil 
when a diverging pencil is incident directly on a double convex 
thin lens; and to find the aberration of a given ray. 

Let QABq be the axis of the pencil incident directly on the 
lens; let QP be another ray of the incident pencil which is 
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refracted at the first surface in the direction PRq'y and at the 
second surface in the direction Rq. 



Let AB— thickness of the lens z=zt ; QA=^u; ; Bq^v ; 

let also r= radius of the ftrst surface, 5= that of the second; 

x=:AM, a‘=BN, PM = y. 


From Art. 31, we liavc, 

u r M jUL- \r /// \ if r) 

Considering the rays to pass in the contrary (linnet ion, divergin 
from q, wc have from the second Case of Art. 31, 




Bq Aq n 




nearly, si]ic(‘ / is small, 


s V \,v V/ V V a) 


Adding this latter expression to tht^ former, and snhstitnting the 
first approximate valine of n in the tcTin containing /, wc tind. 




Since PM and RN are very nearly equal in a thin lens, wc have 
i/ = 2?'^ — - 2sx ' — very nearly, 

X and a?' being very small, we have 

rx~sx very nearly; 


therefore, if |ire put 


• tc 
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V f U )t.\ T uJ 


+ 




3 

If we put 4?r=~ nearly, we have the second approximation in 
the folli^ing form ; 


The first approximate value of v being substituted in the small 
term of the above expressions, a more correet value will be 
obtained; and by sueeessivc substitutions, still more correct 
values. 


Again, to find the value of the aberration, let Vi be the first 
approximate value of v, or 

Vi f u fi\ r u) 
we have the longitudinal aberration =Vi— t; 

^\v Vi/ 

Or, from the above expressions we have. 


The values of this expression will change with w, r, and a, and 
values of r and 8 can be found, which will give a minimum aberra- 
tion for given values of a?r^=-^ nearly^, |x, / and m; as will be 
found in the next article. 


Art, 85. Prop. To find the form of the lens for which the 
aberration of a given direct pencil is a minimum ; and'io find the 
portions of the foci when the aberration of a given lens is a 
minimum. 



ON PLANE AND CURYBD SURFACES. 


81 


In the last article we found the general expression for the 
aberration to be 

which^ putting A for the expression between the large brackets^ 
18 -s 1 • A 


The questions of minima depend on Av^^ for a ray of a pencil 
falling on the lens at a given distance y from the axis, and the 
expression for A involves the reciprocals of the four quantities 
r, a, u, V, to three dimensions j but when we substitute tlic values 
of a and Vi in terms of r, and «, the second term contains the 
quantities of the first term, but afFected with the negative sign, so 
that the highest powers go out and leave an equation of two 

dimensions only, in i and i . 

r u 


For substitution we have, 

Vi « 

1 1 


which give 

/i(3;*4^2) . f»(/i + 2) . M/i-fl) _ 

ijt/tt* 0 *— (m— i;/r» (/*—!)*/*’« 

This expression is homogeneous in u, r, and /, and if we put 
mu^ssf, nr^f; after multiplying up the factor - — we have 

^ /» » ( 8 /» + 8 )«* + 0 * + 2 )»» + 40 * + 


To dad the form of the lens which has the least possible aber* 
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ration for given values of f and m, we must equate to zero the 
differential coefficient , or wc have 


0=2(f«.+a)«+4(j«.+ l)w— 


whence 


_ ^(2^+1) 2(f/> + l) 

”~2(i«,-l)(/4+2) ix+2 


m 


and n being calculated for given values of [l and m, we have r and 
a as required. 


To find the positions of the foci when the aberration is a mini- 
mum or maximum negative for a given lens, we must have 

d(Av,») f. 

dv^ 

flA 

or 

‘ * dv^ 

1 

/ u 


but 

and 


/ 


/ 


2A + (1 


dvi 
din ~ (1— 
dA 


dm 


= 0 


which gives a simple equation in m as follows, 

V/i—i; fi— 1 

or m— — + + 

(ix- 1) 1) + 3^(^t -- 1) -4] 

from which wc can calculate the value of m when n and ju- are 
given ; and then also the magnitude of this minimum aberration. 


Ex. 1. Required the form of the lens of least aberration for 

Q 

parallel incident rays, when ix=~ , 

2 


Taking the formula 

2(;x + 2)(|x-l) 1^+2 
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we have, 
and 


and 

or 


f«=0 since the incident rays are parallel, 

12 

«=y 

••• 

. 9 = 0 ?* 


This is the form of the 
lens long known to the 
practical opticians under ^ 
the name of the crossed 
lens, as in the figure. 



Ex. 2. Required the host form of a lens when the <'imTgent. 
rays are parallel, or when u-f. 

AVc have now ?«---! since 
a,.d 

7 7 7 

■ ,V 

or, the lens is the same in form as in the previous evan.jile, hnt 
with the less curved side to the incident rays. 

Ex, 3. To find the value of the refractive index when the 
radius of the first surface taken equal to the focal length giv(‘s the 
best form of a lens, for parallel incident raj s. 

We have now f»=0, and . 

Substituting these in the equation 

0= 4- 2)m + + 1)»»- 

we find ft =4, but there is no substance known with this refractive 
power. 



^4 


OPTICS. 


Ex. 4. To find the value of the refractive index when the 
plano-convex is the best form of a lens^ for parallel incident rays. 

We have now m=0 and »=0 
and the above equation gives 

1 

which is impossible^ since the least value of must exceed unity 
when rays from a vacuum enter a dense medium. 

Ex. &. To find the refractive index when the convexo-plane is 
the best form of a lens, for parallel incident rays. 

We have m=0 and ^ since oo 

1 


and these substituted in the above equation give 
jx= 1,686 and H4= — 1.186 

The first is the refractive index of some of the denser glasses, and 
the latter is impossible. 


Ex. 6. To find the positions of the conjugate foci when the 
longitudinal aberration of an equi-convex lens is a minimum. 


With ^=2 , we have now w=l 
and m= 1)— 


and 


13 

7 -'’ ®~ 20 -^ 


vergea to Q, as in the fi- 
Rure. 






u 
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Ex. 7. To find the positions of the conjugate foci when the 
longitudinal aberration of the crossed-lens is a minimum. 

We have now n=^ , which gives 
and 

99 

or the incident pencil converges as in the figure. 





Ex. 8. To find the positions of the conjugate foci wlicn the 
longitudinal aberration of the convexo-planc lens is a minimum. 

7 

We have now n=2, which gives m= — i j 

u- — ^/andv=jg/ 

and the conjugate foci arc situated as in the figure. 




Ex. 9. To find the positions of the conjugate foci when the 
longitudinal aberration of a plano-convex lens is a minimum. 

Wc have now »=0, which gives 

«=^ aad »= — i/ 

and the incident pencil is now 
strongly divergent^ as in the fi- 
gure. 
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The following is a table of the coefficients in the aberrations of 
the different forms of lenses for parallel incident rays, when 
3 


Species of Lens. 

Values of r and « 
in terms off. 

Value of 
A. 

Coefficient 
of xr 
or 

Plano-convex . . . 

Convexo-plane . . . 

Equi-convex .... 

Crossed-lens .... 

Crossed-lcns inverted . 

r= «> . *= 2 / 

1 . 

>•= 3 /, *= 00 

r=f, s=f 

r=lf, 

81 

2 /« 

21 

273 

15 

f 

135 

14/3 

435 

14/3 

9 
/ 

7 

w 

10 

3/ 

15 

7/ 

146 

21 / 


When rays fall on the different forms of lenses at equal distances 
from the axes, we have the ratios of the aberrations by comparing 
the values of A ; thus the aberration in the plano-convex is nearly 
four times that of the convexo-plane lens. 

-2 

If we take the second approximation by putting for xr, wc 
find, as in Art. 9, the radius of the least circle of aberration 




■V) 






'A 


and its distance from the first approximate focus 

=|k-») 


_3 

~8 
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Akt. 86. Prop. To find the form of the refracted pencil 
when a diverging pencil is incident directly on a double concave 
thin lens; and to find the aberration of a given ray. 

Let QqAB be the axis of the lens, and the direction of the ray 
which falling perpendicularly on both surfaces, emerges without 




deviation. Let Q be the focus of the incident rays ; q tliat of tlic 
refracted rays within the lens ; and q the virtual locus of the emer- 
gent rays. 

Let AB^ thickness of the lens, which is small, —1; let QA^u, 
({A^vSy qBz=v ; r and ,9 the radii of the first and second surfaces 
respectively, also r xf and y as in Art. 3i. 



By Art. 32 we have 

AX- _ — 1 ^ 1 xrji/. — 1 ) / 1 y f |\ 
u* r u yr \r uf \ « r) 


Considering the ])cncil to fall upon the kais in the contrary 
direction converging to we have from the second case of 
Art. 32, 

^ __ 1 , fikL'zJi/i 1 .f i\ 

Bg' s v'’ \s v/\ V s) 


— !*■ J. ttL 

— r I “ 

U W" 


Adding to the former equation and substituting the first 
approximate value of u' in the term with t, we find. 
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Also the distances of P and R from the axis being very nearly the 
same, wehave^ ^ 2 = 2 ra 7 — a 72 = 2 «a?'— 

sx =ra? nearly 

and putting /for the principal focal length, we have 

» / %»' ii*\ r uj 

jx® 1 \r u)\ u r) Vs V/ \ V s/ i 
putting ij^=s2rx we have the second approximation 

which we should have deduced from the corresponding expression 
in Art. 34, by changing the signs of r, s and v. 

Putting t?! for the first approximate value of v, we have, the aber- 
ration =t?j— 

which is to be measured towards A nearer than the first approxi- 
mate focus Qi, since -i- is less than i , or Vj greater than v. 


The other cases of convex and concave lenses may be investi- 
gated directly in the same way as the above, or the results may be 
obtained from any given formula taken as the standard case, 
by changing the signs of the lines which fall in a contrary direc- 
tion to what they do in that case. 
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Art. 87. Prop. To invesiigate the forms of the lenses for 
which the aberration vanishes at certain positions of the conjugate 
foci. 


In order that the aberration may vanish^ we must have the 
quantity A of Art. 35 equal to zero^ or 


0= (3/» + 2)M’ +(jt + 2)»- + 4(/» + l)i 


+ KZp + l).. . 

— ;r=nr"-*- 




which being solved, gives us the two values of m in the following 
exj)i*ession. 


2(/i~lX-V + ‘i) 

but in order that m may be real, we must have the quantity under 
the radical sign equal to or greater than zin’o, or 


4(ju, - 1 ) V — t(/x - 1)» - (V -f - 1 ) ^. or > 0 


or 


I 4* a(3a 4-12) 

= OV ^ - 

1) 


If we take ft,=~ this expression gives us, 


or 


7t^ov > 1 43 . 12 , 

/2 = or>1.12 ami —2.12 


Substituting u— 1.12 in the above expression Ibr m we have 
f f 

and wrt=-^ — — 

m l.U 

Or, Q falls on the opposite side of the lens to that in the figure of 
Art. 34, and the incident pencil is strongly conviTgmt. 


11 1 

v~^f u 


2.9 

/ 


Also 
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For the form of the lens we have 

^~n~4.12 
1 1 _1 
« »• 
_2 4.12 

"/ / 

_ 2.12 

" / 

• *--- x_ 

■■ 2.12 


These data give a meniscus lens and Q, q the conjugate foci, as 
in the figure, drawn for a focal length of three inches. 


11 



Again substituting 72= —2.12 in the expression for m wc have 
7»=2.9 


and 




m 2.9 


v=: 


x_ 

1.9 



2.12 


This is the same lens as before, with the concave surface towards 
the incident light, which diverges from y, and is refracted diverg- 
ing accurately from the virtual focus Q. 

The values of i» will be real for all values of n positive or 
negative respectively, greater than the above ; but for such lenses 
m will have two values which give .^4=0, and between these the 
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aberration changes sign. It is useful to examine a case amongst 
the forms of lenses which have this property of two aplanatic foci, 
with the aberration changing sign as the geometrical focus of 
the refracted pencil passes from one side to the other of these 
points. 

Let »=6, we have, 



also for A=0 we find 

m= —2.41 and — 1.25 

And again, if we put this value of // in tlio expression of Art. .‘15 
for the aberration a miniinimi, (whicliis here a negatne niaviminn) 
we find, 

which lies betwoon tlu' aho\c. 

The figures shew tlic form of tlie lens w lum of 3 inches focus, 


F 


a, 





A 


<■ 


and the ])ositions of the conjugate foci, ^\hich for t]ut sake «»f 
distinctness arc marked <jn ditfercnt figure'^ ; and f/„ marking 


P 




4 . 


the aplanatic foci, and those at the negative maximum 

aberration. 

We see that as m is larger the meniscus becomes deeper, and 
the aplanatic foci more separated. In all the cases of a positive 
focal length, whether n be positive or negative, the lens is a 
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meniscus^ and tbe incident and emergent pencils hare their conju- 
gate aplanatic foci on the concave side of the lens. 

Again, let f be negative, or the lens essentially concave, for 
a single aplanatic focus we have as before 91=4,12, and 9^= —2.12 
which give, 

_ -/ _ -f ^ f 

'’“4.12 ’ *“ 2-4.12 “2.12 

and r- -f - f j- -/ _ -/ 

-2.12 “ 2.12 ’ “2+2.12 “4.12 

or the two values of n give the same concavo-convex lens, but 
turned the reverse ways to the incident light ; the two correspond- 
ing values of m arc — 1.9 and m=2.9 as before 

f 111 

and “=-^= 1 . 9 -' ako -=y-- generally. 

... 

u-^f 2.9 

That is, in the first position of the lens, we have the incident 
pencil strongly 
divergent, as 
well as the re- 
fracted pencil, 
the positions 
of the lens and 
conjugate foci 

being as in the figure, which is drawn for a focal length of three 
inches. 

In the second position, we have the convex surface turned 
towards the incident rays, which converging to q are refracted 
accurately converging to Q. 

With greater positive and negative values of n, we have deeper 
concavo-convex lenses with each two aplanatic foci, and the aberra- 
tion changes sign as the focus of the refracted pencil passes from 
one side to the other of those points. 

These being the only cases in which the term which gives the 
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aberration can change sign^ and as we have generally for convex 
lenses^ 

1_1 

V 

therefore, when and v are positive 

1 1 

-> — 

V Vj 

or ^<^1 and the aberration is mea- 

sured towards the lens. 

When and v are negative, or the image virtual 

- 1 = - ^ ji 

V r, 

1 1 1 

and 4 - _ < . — 

V 

or v>Vi and llui aberration is mea- 

sured from the lens. 

Art. 38. Prop. To find the uhcrrafhm of a spherical refract- 
ing surface token the pencil is so large that the second approxima- 
tion is not sufficiently accurate. 

Referring to Art. 31, and using the same figure and letters, or 



QA—u , g'A:=zu 

OA=ir , AM—x, PM^y 

w’e have the fundamental equation 
QO q'O 
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and 

r /I 1\ / y* /I 1 \ 

For convenience, put z=2sc ) 

wc have 

QP=u f^l+z 

substituting in (1) 


Il{u' — r) u + r 







or 





/i=t- 

u' r 






yi.iVi 

^+&cV 

1 _f._f ; 

r 

V* «/\ 2 8 

16 +®®A 

2 8 

r 


{l-i{z + z') + 


-/®) — &c.^ 

={iii 

i ^+1 

n \\iz+;^ 

zi^ 3z^~ 

^%&c \ 

r 

u ^ 

Ir + Jl a 

4 8 

hocc. r 


From this the second approximation is obtained as in Art. 31, 
by neglecting terms with powers and products of z and z' above 
the first : 


or 


u' r fjt,^ \ « *^r/ 


For the third approximation, retaining all the terms with a?®, we 
have 
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2iwr/»— 1 1 , 


^''-‘^-'C^DC:' <:)(¥>:) 

ami y~ =:^ — -f - ^ ^ ~ ^ \ ^ 

/u.‘ \r It/ \ r it) 

, 2,n'(\ [\ Uir/\ l\/a- 1 1\ 

•^■=~(4--)x ,( t-)( ~ |a^ tar as i - 

u \r tf/ /X- \r n/\ r it/ 

ly/a-I 1\ 
lA^tt \r ^ a) ' u) 

Suhatitutin" these vuluea we have 


u 

/x~l 

r 

1 

-f- 

u 


1 

1 


r 

«+ 


1 / g-^l 

^ 2 jx^\ r u/\ r u ) I 

If we put the first approximate value of we have the 

aberration = u\—u = Ui u which must contain all the 

\u u |/ 

terms with a?®. 
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Art. 89. Prop. A diverging penctl of rays falling on a 
dmbk convex lens, required the form of the emergent pencil to 
a third approximation^ and the aberration. 

Using the figure and notation of Art. 34, where QABqqf is 
the axis of the lens and the direction of the ray which has no 





deviation; let QP be another ray refracted in PRf within the 
lens, and finally emergent in the direction Bq. 


By the last proposition we have 

1 /^-i ly^-i V + i \. 

r u)\ r n )] 

or, putting B for the part of the last term within the large 
brackets, 

u r u \r u/ \ u r/ \r u) 


Now, supposing the lens very thin, and the rays qB, qR to fall 
upon the lens, diverging from q, and to be refracted diverging 
from q\ we have 


where B is formed by putting s for r and v for u in the expression 
for B. 
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Adding to the former we have 

My(; *;)/,' - 

Ill thw expression wo luiist use tin lii^t ap|>iv>Mnial( \o‘iu‘ol?, 
Miy i'j, in the tenn with j'\ bnt \\< must oso tin* m ornol .ippiDM- 
mato ^ahn* in the tinin with t , mum wi utaiii ,11 ol tin 

orth i* )' also tho 1 ( ns hiMiiu: thin, \u h,*v( iln /'\ n'<} 

P^/ tqnal, \oi\ nearly, 

t/’ - 2/'y - 'Jy.t ’ 


and ,r' nearly, a.s list'd lor the moimuI appioviniat ion. 

I ^ ^ ^ \(‘rv in':ti'l\. 

Tills value of u's wv. iimst. use, sinof \.f rttain t< rtiis with a '- 
hut; w e iiiusl use in tlic last UM*in .r' .ev -, Idr our Z/'/'/v/ djitpnn i- 
dtativn. Now for the se,eoiid approximation we ha\c, as in 
Au. ?il, 

or putting A for the quantity between ihe large bracki'ts, as in 
. Art. 35, we have, 

1 . 0 .- 

V '\r u/ u 
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Substituting this value, and the value of af s above, in thefonnev 
equation, wc have for the third approximation, 

V ^\r^.s/ u \r ?// \ u r) 



'i_i^ 

)l \ 


1 . 

■ ” + ■ 
A* 

rr {fjr — ] 

IX- 


-.1 .-C + i)V + 

7’, [A- i\r u/ \.v 7?j/ 

i)Y^^-± 1 + 1) 4 

2a~ \.v- ^’, / \ /’i ^■/ 

+ +i)+'^+.3U} 

jw-‘ \.V t;, /V i\ s } } 

and the aberration to a third a])])ro.\iiuation is 

in which we must retain all the terms containing ar. 

Now ;-=^ + — to the second approximation 

-K'+t'*'.) 

and . • . vvi — 1 — ^ ^ 

and the aberration ='fc’| — v, by putting C for the coefficient of 
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Aht. 40. Prop. To tramform the elision /or — into 
mother with the quantities of Art. Sij. 

As in Art. 35 wc have mu^ f , nr- f 

] _ w/ 1 it 

f ’ r" f 

^ f 

1. i ^ V ^ 


TIk'sc give, as in Art. *).*», 

y/ := 7 (* 5 «, -f 21 ///* ■*■ (a-| '/tt' i \'>o \ 1 )//'"’ ' 

(a— J)/’ I ' 

I- 1 1 a : 2 A t 1 ) - ' : 

tr ■ /f-\ . . j 

tj. - I u. \ 1 v • ■ I ; ' 

aiul also ibr fill' quantifies /> and />' fir^t iisi'd in flu Iasi aviielc, 
tlic following valui'N 


\ ft r/\ r /// :ln' 

I //A- i ^ 2,«' 4 1\ 

^ 2 a’\ r r tt ^ 

1 r , I ,» 'i 

~'b~ I'r’ I I ) (3 ■•-■-2 a) ///?/-- 3 (a- - 1 y-iu'- 

J \ p ■■ 

jX \ I'j s/\ S ^ I' .^^'1 

I /a-- I I V‘^ ^ 2 <a' f 1\ 

2^\ ,v r, A ' i ^ 

= B+ - 3.» - 1 ) + w (a + 1 ) [-V { - 1 ) - 1 1 + 


— 3/a(/a~ 1)] ! 
2{a-ll > 


II 2 
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and substituting in the same manner in the other coefficients^ 
we have 

+ “ (”* + 3(f^ + 1)(1 -m) - 04 + 3}n)A /> + 

or, now substituting for H' its value, we have 

1_1 av(^-l) . ft"’ Sit^m + n) 3f4(m+»)2\ ^ 

V-V+ ^■^ynVor:^" (f^-1)^ + 

X i(» _ 3^ - 1 ) + ,„ (^ + 1 ) f3^(^ _ 1 ) _ 1 1 + ) 

+ ® ~ ~ 

+ 2^^Ci-l +«))-(^-04 + l)m-n)} 

we see that m and n occur to the fourth power, when we have the 
value of ~ to the third aj)proximation ; whilst to the second 
approximation, as in Art. 35, they rise only to the second power. 

Art. 41, Prop. To find the primary and secondary foci 
whmi a small pencil of diverging rays is incident obliquely on a 
convex spherical refracting surface* 

Let Q be the point from which the incident pencil diverges, 

QE the axis of the pencil, and QF another ray indefinitely near 
to it. 

Let the refracted rays Eq\q'^, Fq\ intersect in q\ the primary 
focus; and let the refracted ray Eq\q\ meet the line 
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passing through the center of curvature 0, in the secondary 
focus. 



Let radius of the surface = or OE, u-r-QR, -q\R, 
*< 2 =”2' 2 ®* draw Em })crpcmliciilar to QV, ami from F 

draw Fn perpendicular to (/ lEy tlun i and i Iximr the aiiirlcst of 
incidence and refraction, 

F/w — increment of « tfit 

Rn- decrement of //, tht\ 

and ultiinati ly Rn RFvi)s,FR)i RFs\\\,t 
Fm -r- RF sni. FRm — RF sm. \ 

(ft( -a/f//, 


Joining q\ and O, no ha\e 


m tlic triangle 1 R .OR vo'-.()Rq\ 

- y,' I cos. / 

and in triangle QOE, QO' -- QR^ -f ()R —*i . (y^R . OR cos. QKO 

+ 4 2?fccos. i 


Now QO and q\0 arc constant whilst w, Vj, i and / vary from 
the point E to the point jP, therefore differentiating, w'c havi* 


0= u\ du\ — /• cos. i . du\ + m\ sin. t . di 
0=u du .du — /v< sin. i .di 


./ f./ Wl’ 

sin, i . d» =s: * 


-rcos. t , 

~ aii, 


rwi 
M+rcos. i 


du 


sin. i .di '^ 


ru 
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But sin. i = a sin. i' , di' 

^ '^cos. z 

and du-=^ — /a du\ , hence equating the values of sin. i . di 

. oCos. % . -f- r cos. % , 

we have, -.-sin. % di ^ dv. 

' ^ cos. z rM 

u. — r cos. i' , a cos. z' 

= 1 . c ^ 



1 

^ cos. i 

rui 

ft . cos. i' 

] 

cos z 

ft cos. z' 

cos. z' 

<)l* 

r 

u 

cos. i 

z* 

cos. z 

zz'i - 

and 

;t cos. i 

cos 1 i 

f fjt. cos. z" 

> 

- 1 

V 1 cos. z 



cos. / 


^ cos. / 


*/• w 



which gives u\ the primary focal distance. 


Again, as in the previous propositions, we have 

(/,k ^ 

dividing by itc. 

ju,® I 2/^’ cos. i 1 I I ^ 2 cos. i 

Wo" ^ 2 ?’ z" w" ur 

subtract - from the respective sides of the last 

equation, and wo have 

ft" cos.^ i' 2ft® c os, y ^ __ cos.* i 2 cos. i 1 

?*• zVg ^zz' 2 ®~ r® rw ^zz® 

which arc exact squares, and extracting the roots 

ft cos, i ft _ cos. i ^ 1 

r iz'g”” r 

ft _/ ftC08.f^ ,\ C08. z I 

w'g \ cos. z r tt 

, which gives zz'j the secondary focal distance. 
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If we make i and i — 0, we ha\e n ^ = y uiid the result is the 
tirst approximate value, the expressions we have investigated 
applying only to very bmall pencils, and the aberration being 
neglected. 

The case ot a concave surlai'c and a small oblique pencil may be 
investigated independently, or deduc(‘d in tlu' Ubual maimer from 
the above, as well as tlie ea^es for eonverging nieideut ]jeneil.s, 
and pencils diverging from points ^.o near tin- leiib that and f/» 
fall on the same side ol tlu‘ lens as Q, when Wj and become 
negative in the above equations. 

Art. 12. Prof. To find the prnnary and scronda/^ /nr/, 
o'htn a small diceryiny ptncil pos.u‘s ol>lu[Ue]y hnf eentri<*all\ 
thronyh a th\n doubh^ ronvvj Ians. 

Let Q b<‘ the point from whieh tin* iii(‘i<lent pt'iu il divijei’^, and 
QA' C Ilf the cour.se of the ray wlueh the a\K of the pencil, 



passing witiiin the lens through the center IS’; ^so that O and O' 
being the centers of the curvatuivs of tlie snrfai^es, the radii OA^ 
and (/JB' to the points of incidence and emergence arc parallels, 
and the angle of incidence at A' equals the angle of emergence at 
say ; see Art. 71, Part 1. 

Let QA'^u, €i\A*^u\, and 

/= thickness of the lens, t sec. i' A' Bf very nearly. 

At the first refraction we have, by the last Art. 
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ft COS* i cos. »'_/ cos. i' cos, i 

“c(7sT7 *77^ V^cos. # Jr u 

^ — { cos, i ' ^ yos, i 1 
w'2 v cos. i Jr a 

At the second refraction, considering the pencil to pass in the 
contrary direction, we have 

1 _ 1 _ J t sec, ik 

i//, ~ "" Aq\ — ^ see. i u\^ 

1 _ I _ 1 ^sec. i' 

• l^q2~ A'q\;^—iscc.t '* 1 ^ 

and 

cos. cos. *'_/ cos. i' \1 cos, i 

~^cos. i Ji'q\ cos, i Js 

cos. i' cos, i' cos, i ' ^ t 
^cos. i u\ ^co3,i u\^ 

ft _( cos. i'^,\cos. 1 

V cos. i J s V 2 
ft ft t sec. t' 

Adding to the former expressions, we have 


1 _ 

/ cos. ?' 


1 . ] cos. i' t 


V^eos. i 

J 

t * u. ^cos.® i 

*’•2" 

/ cos. y 
\ cos, i 


1 . 1 . ^scc. »' 


When the lens is very thin compared with the values of and 
n\, we may neglect the term with t, but otherwise the positions of 
and are affected by the thickness. 

The values of v, and being found from the above expressions, 
the magnitude of the circle of confusion and its distance from the 
lens can be calculated as in Art. 12, but the pencil must be 
considered small compared with the obliquity. 
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Art. 43. Prop. To find the approximate expressions for the 
primary and secondary foci, when a small centrical diverging 
pencil passes at a small obliquity through a thin double convex 
lens. 

The expressions found in the last proposition can be brought to 
appi'oximate forms, when the obliquity is small, which are fre- 
quently the most convenient to use. 


First, we have to reduce the expressions (1) and (2) of Art. 41, 
namely, 


jx cos. t cos. I cos. i' A I cos. i 

cos. i u\ \ cos. i Jr u 

^ /fji, cos. i' j i 1 
V i / r u 


(i) 


(■>’) 


to uppro.sirnate cx])rcssious on the supposition that i ami i an? 
small, and thendbre tliat 


riv 


cos. ir j nearly 


cos. 1 =^- 1 


nearly 



Substituting these values in (1), we have. 



V 2;^®; 

2 / 

1 /H 

ri_ 

!-) 

V. i 

ir 


V 2 } 

1 i' 

r 2 J 

♦ 

r 

u 


1-— -^1 ==(1—*®) nearly 
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we have 


• 2 / ^ 



tt 1 V 2\ fj^/} r u 

r L\ Sift ft*^ )t ft^ Mj 

{' 


jx-i 1 iv-i)r/‘+3,2(i^+i) 




} 


Ap;ain, substituting in (2)^ wc have. 


_f.-i i, »^(ix-i) 

r 2/4r 


( 3 ) 


( 4 .) 


Taking the same figure and letters as in the last proposition, we 
have at the second refraction 



1 , iV-1) f ft+2 2(fc + l) 

^ Vi 3ft® I ^ 
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Substituting the values of and from (3) and (4) in the 

W| Un 

above, ^ we have 


i=04-l){i+i}-l+ 

Ur 5 J n 

, — 2(f/,-h'l) u-l~2 ^(a-f-l)i 

-1 r)~T^ t * h 1 y 

tiff-' I r // .V «*j j 

or 

+ 2(,4 + 1) p + {/X. - 1)( J + i) — 4 ~ i) J } 

ft.i2/x‘^\ r ?«/ /u--^ \ r w A r ///! 

or 

1 . ly 

t®/ /ju,—! 1\ f2ffc^4»jx— 3 2/c®— 8 i 

r w/l r“ M J 
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ur 

«?3 / ^ jw- ' ^ 

4 . ilf / f^-1 iV (f^-i(aft+i) _ 1 1 
^2/x'^\ r M/I r MJ 


which give and Vg as required. If wc neglect the thickness 
in the small terms, we have for ve7y thin lenses, the simple 
expressions. 

1^1 1 ly , iWd-i) 

/ u fji\ r u/ 2i^f 

1^1 1 / /jn-i ly p 

Vci f u it^\r u) 


Making i=0, we have the primary and secondary foci coinciding 
in the small direct pencil, as at page 80, Part I. 


Art. 44. Prop. To investigate the aberration of a given ray 
of a diverging pencil which passes obliquely through a thin double 
convex lens^ in the plane through the axis of the lens and the focus 
of the incident rays. 


When a pencil which is not very small passes through a lens 
obliquely, the positions of the foci are more conveniently connected 



together when their distances are measured from the centers of 
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the curvatures of the surfaces, ,thc approximations being obtained 
as in the case of direct pencils. 

First, for a single refraction, as in the figure, let 

jind y'=2rcV—x^, 


As in former propositions 


and 


QP_ qP 

QO'" i^.g'O 

Qpi=: QO- + . QO . OM 





{p-&) 


QP=i /j--/* neaviv 

/>-/• 

g'P^r=:(/(P 4 OP--{- 2 . qO . OM 

-rzp ' + r-' 4- 2y/(/ — 


= {/+ »•)■(! - 


KircA') 


f/p=//4r 


iiearK 

p 4/' 


(n 


Substituting these vuUies ha\(‘ the fmulaiuenial equation (1) 
becoming as follows, 


^ — r ^ X _ jp 

p p--r^ y.p Ap'^r) 


dividing by r, &c., 
1 

P'P 


A_iy_i+£/. 

V ffc/r p rii 


J_+. }. 

— r (^{p '^r) 


For the first approximation 


1 ft— 1 
ftr 


1 

P 
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and substituting this first approximate value of ftp' in the small 
term we have 


l>.r p'^rip-r f>. rp }■ 

I 0«.-l);>-K ^ J 

jx— 1 1 ^ af(ft-l)/ftr+y \ 

lj,r p ft'V \p—rj 


( 1 ) 


When p is less than — ■- = •■• , we have q' on the same side of O 

fj* 1 

with Q, and p' being taken negative is again given by the above 
equation. 


Let the letters in the annexed figure, which are the same as in 
the last, refer to similar points, and let O' be the center of cuiva- 
ture of the second surface of which the radius is = let q 



be the point where the emergent ray P'q cuts O'q' the direction of 
the ray which emerges perpendicularly to the second surface at i?' ; 
let qCy^q, qO^i^ and 


At the first refraction we have the expression as before found, 
and at the second refraction, we have 




1 1 ^ 

ju. . ^(Jt . [jis q 




... ( 2 ) 

gr — J ) 


To connect with g'O', let OO =-r-^s—AB^d, and let 
z coo's: d; then 

^'0'2=^'03+ 00'3 + 2 . q'O. 00' cos. d 
or gf'^ + %p^d cos. $ 

Also, d being supposed small, we have cos. ^=1 — ^ nearly 

jL»» 
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^=(p' +df-ilp'd-^ 

n.n,rly (:?) 


If in this equation (3) wc substitute the value of (/O' IVoin (2) 
and of p' from (1) wc lia\c the relation roquinul hetwtTu p, f/, t\ s% 
and (/ as follows 

ju. — 1 jW' (.w* — 1 4- 7\ 

^ 7 \ 7 ' 

•'"/ /] vV ■■■''/ Vi 

{fX — \)(/ — ,u.v‘ W/— .vAil/- !)(/ /..v/1 

similarly 


'V' y 

fxv' \p — r / \(,a ' I )p - (j.r I 


Substituting these values in (3), and using only tin* lirst ap- 
jji’oxiuiatc values of//' and / in the vsmall terms, also putting//, 
ami q\ for the first apj)ro\imations of// aiid (/\ which are known 
when p and (j arc known,, 


beeauso 
\ve have 


< __ rp , ■ -.'((/ 

(ft - ] )p- 'u.r ’ {,«. - 1 )(/ -f4.f 


I f«.--l r m {y-r+p)}>,‘ 

(fA— l)f/— f4S (/'—>■) 

a. £ 1 

(f/~-4f) J 


Taking the reciprocals of the two sides of this equation, and 
treating the small terms in the usual approximate manner 

, 1 , 1 U^.d.p\ 

q fLS |‘■(p\■\■d) it-(Pi-¥d)-\‘i[p-^+d) 

, ft— !(«/!%»•+?) I *'Yi®(f«+9)l] 
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IjpL this ^xpressioki we have i^ll terms containing the 

quentities x' andi 6 ; h^ vh^ S aiad ior PM) are 
giveq then (or f/ is tedro. 


If we make d=0, and substitute for q its value for p, 

U'^r, and for d, /•+« in a thin lens, we fall, after the reductions 
upon the result of Art. 34; and the above expression shews us 
that the aberration of an oblique pencil does not change rapidly 
from the value for the direct pencil whilst d is very small. 


To find the value of the aberration, being the first approxi 
mate value of q, or 

i . 1 

qi M + 


Then the longitudinal aberration, measured in the case of the 
figure towards the lens since i > — , is nearly, 



r sv/i «-i| 

[■a7/iVr+/>) a;Yi®(fW+ffi)ll 


[i(p\+dy f. 1 

L r^(p-r) + /] 


If we examine the eff^ of tlm refi^^istions in oth^ plau^, we 
find that all th^ «rays fhlling on the ^st'^urface at the same 
distance &om A* w^l hWd tbe same ineidimoe, and meet 

the line jQOq* ifi the imnie pointy bbt.whet^ Idf ^ the second 
surface, tney 'urfil not be equally distant from S>, nor have the 
same angle of incidence on the surface, and will not therefore bo 
refracted again accurately in a conical pencil ; when d is very small, 
however, compared with the value of x (or y), the deviation from 
such a form will not be considerable. 


When d is larger, we obtain from experiment with an equiconvex 
lens, by receiving on a screen the light from a distant luminous 
point after it has passed through the lens, and at different distances, 
the figures qf oblique oAerration as follows : 
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where F would generally be considered the best focus, the light 
being strongly concentrated at the head of the figure, although 
there is a lengthened coma ; but an image of an object formed by 
such foci is necessarily very indistinct. 

AVith the same lens and a pencil, either direct or but very little 
oblique, we have for comparison such a scries, at different dis- 
tances, as the following ; 


m # 


When the lens is small compared with the obliquity, we obtain 
such figures as the following : 




where is the primary focal line, o the circle of confusion, and 
the secondary focal line. The circle of confusion as a focus will 
give only indistinct images of objects, when the obliquity is con- 
siderable. 

Art. 45. Prop. To put the compression for the oblique aber- 
ration, of the last article, into a form for application to particular 
cases. 
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From the last article we have 



the aberration 

_ f hHp\ IJ.-1 rsq)'{- {nr +p) x'q\^ni> + i/,)\ 1 

n{p\+d)A'i{2t\-\-dy n \ t^(p-r) // 

Let the angles which the edge of the lens subtends at O and (/ 
respectively be a and a, and let 2: 00'g' = (/>. 


PAP 

Then generally .r= nearly, 

and for the upper edge of the lens in the figure, we have 


.r= 


2 r 
r{oL — 


2^ 

2 


sin. ^ (/i & 1 I / / f / 

and^i=;>, + e/, r«=.a . 


the aberration =2 l/ 4. 

r(p-r) 


For the lower edge, as in the figure, wc must put —a for a and 
~a' for a', whilst $ and 0 remain the same. 

For a pencil of parallel rays falling obliquely on thin convex 
lenses of different forms, we find the values of the aberration for 
the fall aperhire as in the following table. 
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A TABLE' OP THE VALUES OF THE OBLIQUE ABERRATION FOR 
DIFFERENT FORMS OF CONVEX LENSES WITH parallel INCIDENT 

RAYS. 


Species of Lens. 


‘ i 

The ahcrrution ; the njiper sip:n of the { 
ntitldlc term referrinu: to the tipper i Focal 
edge of the lens and the lowtM’ sign to ( length, 
the lower edge. t 


1 Efpli-convex . . . | 

5 , 

r '- ^ 

S 

• > 

7 ! 

■' ; '■ : 

1 

! Crosscd-lcns . 

+ 

<) 

:551 , 

, ./• 

^ Cross(‘d-lenR inverlial , 

12“^' 

loor 

11:.! 1 

■'no.!!.'/'' • V'- 

! Plano-convex . . . . 


'J , 

1 | V •'< ' r--' 

Convcxo-jtlane. . . ; 

V 4 

1 , 

• ) 

■1 '■ i 

I i 

In the above tabh? tin- 

j'h 'sl term: 

s ar(‘ file 

aberration for a tlirevl 


pi'iicilj itiitl ))i‘(>tiu;ltl to lilt* saiiiic loDU I’oiiiritlr. ^\ith tlic 

results of tlic tuhle ill pa.^e H(i. 


Wc see that the ollcct oroblitputy is tlideivnt with tlilFen nl forms 
of lenses, and by tlu^ general e.\])r(*ssion ue see that as f) and ^/> have 
different signs, a fortti may he assigned to the ItMis such tliat the 
term depending on tht; first powers ot 5 aiid^ may vani.sh. 


If we take for the angh' which ilw axis of tlte ohlitpie peneil, 
passing through the center t)f the lens, makes with thi; line OO 
the axis of the l/iiti lens ; and a r, as before used, we ha\e 


sill. <p 
sin. ip 

sin. S _ u 
sin. \p p 


^ 1 
-T- nearly, 

-y nearly. 


1 


2 
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By the method before used we find 


and substituting in the values of p\ and wc arrive at an 
equation 

where a,b and c arc functions of p,Uyr and s; but the refracted 
pencil not being symmetrical with respect to any line, it is unne- 
cessary to discuss this expression for 


Art. 46. Prop. To investigate the changes in the oblique 
aberration of lenses, arising from changes in the position of the 
conjugate foci and from changes in the forms of the lenses. 

Taking the lens double convex and the obliquity small, with the 
ray emerging perpendicularly to the second surface for the axis of 
the refracted pencil, we must examine the changes in the coefficient 
of the first power of under different circumstances. 


The term in the aberration with 0 and (f> is 




S{q^-S) 



pr-f p 
r(jp— r) 1 


_ <yiV-l) ^ fta+9) p\ . I^r+P \ 

II? ^ \s'9{fh-s) 'ii'rip-r)) 


and we have to examine the value and sign of the coefHcicnt 


•'«(?!-») J'l r(p-r) 


Patting, as at page 81, mu—f, nr=f, we have 
1 _ 1 — m 

V 

(/,=«+» , 


/>=«+»• , 
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* (f*-iF 

s” W(|U, — 1) 

p\_ ji 

= 1 )] 

w[/4 — (m-f-w)(/4 — l/] 

M + _ Ca-HV4-y 

0.-1)/ 

f -f 1 1 

r{ y> — r) u r 

I V + ])nt 4- 

substituting these quantities in tin* eocllieient and reducing, wo 
find that the term in tin* aberration will be greater than, equal to 
or Icvsa than '.ero, as 

/X- — 7w(2|x~ — /X — I ) — n{ur — 1 ) > ~:= < 0 

and when equal to zero, we have 

m(2,a-— g.-l) 

71 — ■ — ‘>1 

^ 1 

Ex. 1. To find the form of the lens such that the oblique 
aberration may be the same aa the direct for parallel incident rays, 
or the above expression =0. 

We have now w=0 since the incident rays are parallel. 
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and if 






«“ 9 /* 


This accords with the results of the table, as we sec that the 
sign of the coefficient changed in passing from the crossed lens to 
the convexo-plane. 

Ex, 2;> To find the positions of the conjugate foci of an crpii- 
convex lens when the effect of oblicpiity vanishes. 


We have now w=l, since r =5=/*, 


and 

if 




1 





then 


771 


1 



and 



=2f-v, 


or the conjugate foci arc at equal distances from the lens. When 
the luminous point is nearer or further than this distance from the 
lens the coefficient changes sign. 


Ex. 3. To find the effect of obliquity when a virtual image of 
a luminous point is formed by an equi-convex lens. 


We have now u less than /, and therefore m greater than unity, 
and the coefficient of (p is negative, as it had been when the dis- 
tance of the luminous point was between / and 2/ and the image 
real. The direct aberration is now, however, measured from the 
lens beyond the first approximate focus, as shewn at page 93. 


Ex. 4. To find the form of the lens of the singie microscope 
such that the oblique aberration may be the s?ime as the direct, or 
such that the coefficient of 0 is zero. 
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The eye be- 
ing supposed 
close to tlie t a 

lens, we have ^ 

V equal to the 
least distance 

of distinct vision nearly ; and if the magnifying power = « = - the 
focal length of the lens is known. 



But 


and 


1 1 1 

v~~f u 

1 

att 


m~= 

I 


and till* eipndion becomes 
a 


a" — • • ;• {tlur ~-o. •• 1 ) • rtia ' — 1 ) 0 

a ~~ I ‘ 


a" H- f{ (//'"• — Lh — I ) 

(.a- *- \ )(a— I ) 


Let «~10, and , we hav( 


1 

n ~~ 

4i) 

and 

and the lens is a plano-convex very nearly. 


Ex. 5. To find the form of the lens, so that the oblique aber- 
ration may be the same as the direct when a virtual image is 
magnified two, three, and fmir times. 
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We have now to put a equal to two, or three, or four, in the 

g 

expression of the last example, when 1*^=^ • 

A 


+ — jtt— 1) 


_ < 1—9 
"“5 (u-l) 


If <z=2 


then 



r=f- 


n 





and the lens and image are as 
in the figure, drawn to the scale 
/=1 inch. 



If<z=3, 


then w = — 


3 

5 


r = 

8 = 


n 

f 


if 


3-n 13 


-/ 


the lens and image 
being as in the figure, 
drawn to /*= 1 inch, 
as before. 



r 


i. 

t 

I 

I 

I 

I 

y 


If a=4 , then m= — 


1 

3 


r 

8 


=f = ~ 


8 / 


2-» 7^ 


and the lens is a meniscus, but the first surface of long radius. 
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When the image is magnified nine timeSj the first surface is 
plane. 

These Examples will be found referred to in Art. 03 in discuss- 
ing the forms of the achromatic lenses, used as powers for the 
microscope. 

Art, 47. Prop. 2b find whether the coma in given cases is 
to or from the axis of the lens, 

Wc have to trace the cftcct of the term with 0 L(f) in the oblique 
aberration, and will suppose the lens to be iqui-coiivex. 

First, let the luminous point Q be distant between f and 2/ 
from the lens, and therefore the image real, as in the lignre. If 
be the first approximate focus, the aberration for a direct 
pencil, the ray refracted at the iq>per edge of the lens eaits 

u 

betw(‘(in and 7 , beeanse the* ler)n witli «»/>, from Examples 2 and 
3, is then negative; and similarly the ray refracted at the lower 
edge cuts (J 7 i between O' aful 7 as in the (igiire. If we now' take 
a section of the pencil at c wc liave around that ])oint a condensed 
nucleus of light, and a coma turned towards the axis of the lens. 

Secondly, let Q he beyond the distance; 2 /, and the image is 
still real as in the figure. Wc have the term with «</> producing 
an opposite effect to that of the last case, and us shewn in the 
figure, the coma is now turned from the axis. 
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Thirdly, let Q be nearer to the lens than the focal length / and 
therefore the image virtual. The direct aberration is now 
measured as in the next figure, beyond gi and the term with 



as shewn in Example 3, being negative for the upper edge and 
positive for the lower, we have the coma in a section at c turned 
towards the axis. 

Art. 48. Prop. To find the form of the pencil which has 
been refracted directly by a sphere, to a second approximation. 

The sphere as described in Arts. 75 and 82, Part I, has gene- 



rally a limited aperture at the center. Let z be the radius of this 
aperture, and let y and yf be the ordinates at P and R respectively, 
as in the figure. Then for the extreme rays which pass through 
the aperture we have z a mean proportional between y and y 
nearly. Using the notation of Art. 75, Part I., 

QO—p, q'O-q', qO — q, AO — r, 

wc have 

_ y Y 

q'—r 

or using the first approximate value of q' 
wchave 
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Also putting y^—2rai in the results of Ai;t. 44, 


and Mibstitiitiiig: in 


QP (fP 


QO fjt, . qO 


, 1 

a-1 

1 r i 

f i 

1 

\ 

\NC have > - 

= ‘ — 


— . 

■j , 

VT') 

) 


[j,r 

p ‘.b- 

\p - /• 




1_ 



r- H 

^ 1 

, M 


[xr 

/> Zi ' 

^ p ~ 


p 

a/7 



1 1 z' Jilt. - 1 )/ 

' b 

/I 

-1 ' ^ 


nr 

1 

>r \ 


V/' 

ur) 

SllppOMlU; Ihc ]H11C 

il t(» h(’ 

meideut ni t}u‘ Cv 

nitrarx 

diverging from 

1 

(jj v,<‘ have 



v 



ixr 

r 

y 

:ir 

\r (j 

Aq 

' ar) 


aiul atlding 




MS required. 


ON lOXC'KNTRICAl. RKI'UACTION. 

In tlic preceding Propositicins the axis of the ])cncil is supposed 
to pass through or nearly throiigli the center of the lens, and the 
pencil is called a centrical direct or oblique p(?ncil accordingly; 
the pencils passing through the object-glasses of telescopes are 
always one or other of these, but when they reach the eyc-piccc 
the circumstances are changed, and every pencil except the direct 
one is then refracted eccentrically. We sec how this arises in the 
passage through the eye-lenses of telescopes by referring to the 
figures of Arts. 95 and 97, Part L, as repeated below, and the 
same occurs in the reflecting telescopes and microscopes. 
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If we examine the figure of the simple astronomical telescope, 
we see tliat C the center of the object-glass is a fixed point 
through which the axis of every pencil passes; and the point e 
where it meets the axis again is the focus conjugate to C for the 
eye-glass, and may be taken as also a fixed point when the aberra- 
tion at the eye-glass can be neglected or when the point q' in the 
image is near q. The points C and e being known, the circum- 
stances of the excentrical refraction can be discussed. There are 
again like points at C, b, and e in the telescope with the erecting 
eye-tube, in the lower figure. 

Whenever we see the image, real or virtual, of an object formed 
by a single lens, and the eye is at some distance from the lens, the 
vision takes place by excentrical pencils, as in the figures, where 
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the upper one represents a real image seen in the air, of 
an object QQ ; and the lower one a virtual image q(l of an object 
QQ', seen by the eye at e. 

Of the rays, which diverge from any point Q in an object, fall 
upon the lens and converge to, or diverge from, an approximate 
focus /, only the small excentrical pencil Q'PP'e enters the eye. 
The place e of the optical center of the eye, or nearly the center 
of curvature of the cornea, is now the Jfixed [)oint that deter- 
mines the excentrical pencil by which the image is seen, which can 
be determined when the positions of the given lens, the eye and 
the point O' in the object arc known. 

In many common microscopes a diaphragm is plac(;d behind the 
object-glass, which limits the magnitude of all the ]>eueils and 
causes all points in the image except the central one to be formed 
by excentrical pencils, as in the figure. If C b(; the c<;nter of tlm 



lens, A the aperture in the diaphragni, then (/' the point in the 
image conjugate to O' in the object will be Ibnneil by the excen- 
trical pencil QPP(/ ; but it will be nearly iiJHhe lin(‘ drawn from 
Q through C. In this case b is the fixed point which determines 
the excentrical pencils forming the image. 

Art. 49. Prop. To find the primary and secondary foci of 
a small excentrical pencil, which coming from a given luminous 
point, crosses the aunts of the lens at a given point. 

Let Q in the figures be the luminous point, and its approxi- 
mate real image, which is the circle of least confusion between q^ 
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and the primary and secondary foci, and q\ q\ be the cor- 
responding foci after the first refraction. 

Let E be the point where the axis of the emergent pencil cuts 
the axis of the lens, and D that where the axis of the incident 
pencil cuts it ; Q Pl^q^ being the path of the axis. 

Let r and s be the radii of the first and second surfaces of the 
lens ; t the thickness AA', which w'C suppose small compared with 
the focal length ; Q'P=Uj q\P=u\, q'^P^u'^, q^P'—v.,; 

let i and e be the angles of incidence and emergence, i and e' the 
coiTesponding angles respectively, within the lens. 


From Art. 41 we have 


ju, cos. i' cos. i' _/[J' cos. i ^ 

\1 cos. i 

cos. i tt'i ~\ cos. i 

)r u 

jw, /jx cos. l' ^ 

i\cos. i 1 

u' 2 ~~\ cos. i 

/ r u 

At the second refraction we have 


ju, cos. e' cos. e' cos. e' ^ 

\1 cos. e 

cos. e q\P' \ cos. e 

)s 

jx _ /ft cos. e' ^ 

\COS.^f 1 

cos. e 

) S 
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But, 


1 1 _ PP' 

S'.F- «V 

1 _ _1_ PF 
q\F- u\ n'f 


Therefore, substituting the values in these expressions, we have 

/jx cos e' cos. e 1 
\ cos. e ) co8.“ e' s ^ 


+ - 


cos." e 


1 _/ ,acos. A cos. i 1 

\ cos. i ) cos.“ / r 


and — ^ Vos. e 1 /jxcos. 

\ cos. e / s ^ v.j~~\ cos./ / r 


1 . PP' 

Ur 

1 |tc . P/^ 


which give 


1 _ 

/ /g COS. 1 

1 ^ 

//X cos. 

c A cos. c 1 



1 \ COS. i 

/ cos.'^ /' r 

\ cos. 

e ycitfi. ' r .S' 




cos." 

•i.M 

cos.- c 1 IX . HP' 

cos." e 



cos."^ 

t n J 

COS.^ C w'j ' 

cos. ’ c 

1 _ 

cos. t 



tcos. cl fx. PF 


^*2 

\ cos, i 

/ r cos. 


* .V n u\/ 



We perceive an analogy b<^t\vccu these expressions and those 
found in Art. 29 for the passage of a small pencil through a 
prism, with which indeed they coincide, except as to the term in- 
volving Pl^ the thickness of the lens traversed, which is here oidy 
approximate, when we make r and .v infinite for plane surfaces. 


If the lens is of such a form that i and e arc equal, the above 
are reduced to 


jL— cos. i' 
~~ \ cos. i 

1 /ju, cos. i' 

V 2 ~\ cos. * 



^.PP cos.^/ ^ 
u'l^ cos." i 

l^,PF 


which agree with those for the centrical pencil, except the term 
with PF. 
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Cor. There is one simple case in which the primary and 
secondary foci are easily shewn to coincide^ and therefore the 
exceutrical pencils arc as accurate as the direct one. 

Let the lens be plano-convex, or r=: infinity, and the incident 
pencil consist of parallel rays, or w = infinity, and therefore u\ 
andw' 2 = infinity, let also the diaphragm be placed at so that O' 
being the cen- 
ter of curvature 
of the second 
surface, we have 
AO'=iJ..AE; 
then by Art. 

28, Part I., 

the axis of the refracted pencil of parallel rays will pass in the 
direction of the radius O' PP'q^, and the angles of incidence on 
the second surface and of emergence are each =0, and the expres- 
sions above arc reduced to 

1 ^ 

Vi s 

V2 S 

the result of Art. 52, Part I. 

Art. 50. Prop. To find the form of the lens smh that a 
system of exceutrical pencils shall have the angles of incidence on 
the first surface equal to those of emergence from the second. 

Although the difference between the values of Vj and ^2 as 
found in the last proposition may be made in many cases to 
vanish, yet it will be genera-lly desirable to know the form of the 
lens in which the confusion of the excentrical pencils shall not 
exceed that of centrical ones for the same angle of incidence. 

Let DPP^E be the course of the axis of a pencil which crosses 
the axis of the lens at D and E ; let 0 and O' be the centers of 
curvature of the surfaces, OP^r, (fP'^s^ AD=c, A^E=b. 

Then OPn being the radius through P produced, the angle of in- 
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cidence « = Z DPrtj and similarly the angle of emergence e? = z EP'ni 
these are respectively the exterior angles of the triangles ODP, 
and (YEP' . Let P'M' ^y:=.PM nearly the distance of P or P* 
from the axis of the lens. 


We have /. i= z P DO ^ P OD nearly 

c r ^ 


z z l^EO'+ z PO'E=‘'f -4 .... 

h s 


Or when , we have. 


Also 


11 1 1 

_j_ _ — ,j — 

f) s c r 
I I 1 

c^":rh 




Substituting, for x and c, m r have 


1 _ 1 1 

I 1 p. 1 1 

which give r and s when the focal length of tlie lens and the 
place where the axis of the pencil crossc.s the axis of the lens arc 
known. 


Ex. 1. Required the form of the eye-glass of the astronomical 
telescope^ so that the axis of each visual pencil shall have its 
angles of incidence and emergence very nearly equal. 
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We have now <!^=/ nearly, which gives 


s^%f 

or the lens should be flattest on the side next the eye. 

Ex. 2. Required the forms of the lenses, to make an eye- 
piece subject to the above rule for each lens, but in other respects 
similar to Huygens's cye-piece. 

The field-glass will evidently be of the form of the last Example, 

8 ay»-i=|/, , «1=2/, . 

If f ‘1 be the focal fength of the eyc-lcns, then the distance 
between the lenses is 2/3 and the focus of the field-glass falls 
at the distance eye-glass, and 

2 

.*. we have from the formula 7*2 ^ 

and the eye-lens will be a meniscus with the concave surface 
to the eye. 

Art. 51. Prop. To find the approximate expressions for the 
primary and secondary foci, when a small excentrical diverging 
pencil crosses, with small obliquity, the axis of the lens at a given 
point. 

Taking the figures and notation of Arts. 41 and 42, let also the 
anglp F'EA' nearly. 
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Also from Art 50, 


The approximate expressions for the rcliaction nt tlie iirst 
surface, from Art. 43, ar<^ 




w 1 




I' 


— 


(^+ 1) 1 
u i 


.'I _'Z.l _ 1 + 
w'2 u 


And at the second refraction 


q\V^ u\ 7/V ‘ 

1^-1 _ JL+ + 2 a 

8 ’ 2jMr~ I 

fA /X fJ^P P' 

^jX~I 1 

jp Vq 2[jiS 


it±. L) 

''I 


} 


To substitute for PP', let the central thickness AA' — t, and let 
the direction of the ray whilst within the lens cross the axis at a 
point jD' which is given by the equation 

h 

K 2 
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then sec. P’lyA =l + ^^=l+^0-«i^y nearly 

and PF=MM' sec. FiyA’=(^-^-^ see. FI/ A' 

Vw'3/ \ r «/ fj.r \ r u) 

Substituting tlie values of these quantities, we have, 

^ i^(f.-l) ^ ;x-l l^^/^ + 2 ^ 2(|X + 1) ^ j 

.e!^(^_i)] 
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Or, with the small terms expressed with 

-Hfj/irJ/i. 4.1V/fi+Ji +i)'i , 

^ fji \r r / \ r u ) 


If in these expre^’aious wc Mi])]»ose i to be -so ^itiall compared 
with r, $, &c., that wc may omit tlie parts of the small terms 
which contain it, we have, after substitvituij; the tirst approximate 
value of Vi in the small term. 
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1 _ 

*>8 


f u ii\ r u/ 


+ 



When the lens is of such a form that the angles of incidence 
and emergence are equals the expressions are reduced to the 
following simple forms, 


1 1 {i^-i lyi 

Vg / u'^iA r u) ju,— 1\ r u) J 


When the image is virtual, as in the case of a convex eye-lens 
and the eye at a distance from the lens, we have Vj and nega- 
tive, and the results may be investigated directly or may be 

obtained by putting — ^ for — and — ^ for — in the above. 

V2 ^2 



CHAPTER IV. 

ON THE FORMS OF THE IMAGES FROHITCED iJV LENSES. 

The preceding Propositions give us the positions of tlu* conju- 
gate foci when the position of the luminous point, which is the 
origin of the incident pencil, is known, and wluni the position 
of the luminous origin is given in an algohruic equation which 
applies to all points in an object, we require a corresponding 
algebraic equation which shall in likt? manner apply to all points 
in the image, and which shall thus determine its form. In very 
many cases we have given the form of an image, formed by a 
mirror or lens, and have to determine the form of the secondary 
image as ])roduccd by a lens receiving the light from the first 
mirror or lens. 

it 

The focus which is conjugate to any luminous ])oint in an 
object, must be gem'rally taken Ike cunnda or figure of oblicpie 
aberration, when formed by a centrical pencil ; but must be taken 
the least circle of confusion if formed by an twccntrical pcmcil, 
when the obliquity is f/reat or the pencil cxceciVmyhj small. The 
first case is by far the most important iij^ the constniclion of 
optical instruments, because the central parts of the field of vicsv 
should be as accui’^tcly defined as possible ; but when this is 
attained, it is frequently desirable to obtain also a large extent of 
moderately accurate field of view. 

Art. 52. Prop. To find the form of the image of a straight 
Wxiei placed directly before a convex lens. 

Taking the aberration as at Art. 45, page 113, and Vmsidcring 
the cometa as in mirrors, page 33, to be situated at three-fourths 
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of the least longitudinal aberration from the first approximate 


ol— — 1 





a 




focus ; also calling the distance (yq=^p we have 


r) 




Putting i?i = OQo, (?i=0'go> P'v approximate 

values of p', q' as before, we have to find q=0'q for substitution, 
thus 


l^A^-1 . 1 

q fjt,s H'ip' + d) * 




T7} 

P =7 T\- j where »= OQ , 

theu the lens being supposed very thin, we have 
p=Pi secant; 9 

=i>i(l+-^) nearly 

and after substituting, we have p expressed in the following form 
p = g'l — + Ea<l> — F<l>^ 


Now uiiless E, three-fourths of the coefficient of ot<j> in the 
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oblique aberration^ vanishes for some particular case^ the curve 
which is the image is not one of continued curvature at the axis of 
the lens, but is formed of two arcs of a spiral, meeting at a 
very obtuse angle, similar to the figure. When iS=:0, we have 
the form 


p — — -Da® — 

and comparing with the approximate polar equation of a circle, as 
at page 47, where we have the fonn 


/ .3 a' (a'— 7-') 




and 


= — Da®, 


whilst r' is the radius of curvature required to be found, the (nirvt^ 
being concave towards f/. 


Equating the coefficients of </)®, we have 
/ 

from which r can be determined in any given case, by calculating 
D and F 

If the object be curved, we have only to lind the approximate 
value of ^ in a similar manner, and can then calculate the radius 
of curvature of the image by the above formula. 

Ex. I. To find the form of the image 01 the sun or moon 
given by a lens of the form determined in Ex. 1, page 118, when 
D-0. 

5 

We have now 

;?= 00 , = ^j = 12r, </i==y^ 




/ 

a 


a 
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These substituted in the expression for the aberration give us 
the aberration 


3 

'5^ 


5 


= ^ra®4---5— 


and 


54 3/3 


P=X»-iV6‘'“ + 


and the radius of curvature 


r'= 


^43 A 


/54 9 „\® 

(5^ 20*''*) 


64 9 

T»-20"“ + 


3x243 
10 ’ 


Neglecting the term with a® as small, we have 


, 216 
’'=155'- 

Jl\& 5 
“155^9-' 

= -/ 

31 •' 


=j/ nearly j see page 142. 


Ex. 2. To find the curvature of the virtual image of a circular 
arc concentric with the first surface, and therefore nearly a straight 
line, given by the eyc-lcns determined in Ex, 4, page 119, when 

r=W, -I'/ 


We have now 
51 


4-5 - 

r=45/, 

31 


r . 66 


VJL / X / / ■ kJ\J 

■”5'i = 33x89 




50 

/•.84 

6>r89 


'S 28 


17x89 " 


« = 89 « 
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which substituted in the expression for the aberration, gives the 


aberration 


= • 


19278 




951426 

673285 


and the image being virtual, with negative in respect of the 
standard case of Art. 45, if wfe call p the distance from fX to any 
point in the virtual image, we have 





orr 


19278 

5 


+ 0V 


9511.26\ 

673285/ 


which we have to compare with the approximate cqiiatir)n of a 
circle where the convex part is towards the pole, as follows, 




equating the coefficients of tf and neglecting the tenii with a- as 
small compared with we find the radius / of (rurvature of tlu* 
image at the axis of the lens, thus, 


, 5712 

f ~ Y 

309535 


r 




nearly 



The lens being of short focus, the image is greatly curved, and 
only a small portion near the vertex can be cojisidered free from 
distortion. 

The effects of curvature in images are so important in the con- 
struction of optical instruments, that it is desirable to have our 
expressions put into a general form, for ready application to 
different cases, and for tracing the change of curvature in the 
image corresponding to a change of position in the object or 
primary image. When we liavc to consider the best forms of 
eye-pieces for telescopes and microscopes, we have to examine the 
effects of curvature in connexion with aberration and achromatism, 
a part of optics hitherto very imperfectly discussed by^ i^athenia- 
ticians. 
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Art. 63. Prop. To investigate a general expression for the 
curvature of an image formed by a lenSy when of continued cur^ 
vaturcy the object or primary image being also of given continued 
curvature. 

Let r^ be the radius of curvature of the object supposed to be 
convex towards O as pole^ and p^ being the distance of the point 
on the axis of the lens^ let p be the distance of another pointy we 
have as a circular arc^ the approximate equation of the object^ 
thus, 

where p^ and r^ will have the same sign when measured in the 
same direction from O, and different signs when is measured 
from the object towards O, or when it is concave towards O, 

Using a similar notation to that of the last proposition, 
let fyi=thc value of q on the axis, or when 

g 

j the coefficient of <!? in the aberration, 

i^'=thc coefficient of in the term in q depending on the 
obliquity and the form of the object. 

Then, p being the distance of a point in the image from O , we 
have the form 

p = q± Do ^ + 

where q is of the form 

therefore, substituting and retaining only the upper sign for the 
more convenient use in comparing with the approximate equation 
of a circle and in tracing the direction in which the radius of 
curvature of the image is to be measured, we have the form 

and comparing with the approximate equation of a circular arc 
, convex towards the pole, as follows. 
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p=a'+a'(^+^y 

where r is the radius of the circle, and a' the least distance of the 
circle from the pole, we have 

and a ' if we neglect the small term Dor ; 

, 1 2F 2F' 1 

whence = — o H jt 

^ (/r Vi 

Now in the quantity ~ we have a' and /*' with the same sign 
A)V 

when the arc is convex to the pole, but of different signs when it 
is concave to the pole. Therclorc if in any particular case, we 
find / to be of the same sign as the imago is convex towards 
O' as pole, but concave when we find / and 7 , to be of dificront 
signs. 

Referring to Art. 52, and remembering that ^=:(/>.|>two have 
IT- ? ^1' f \ 

§ t/Avi ^ i 

and since the term in the aberration with viinishcs, Avhen the 
image is of continued curvature, we have from Art. 4(>, 

r + p\ . 
s siqi—s) fj\ r(p^-r) 

this condition being established, and pi’oceeding in the same 
manner as in that article, we find 



Again comparing the expression 

q=:qi+F'<^^ 

with the value of q determined by means of the following 
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we find 


1 1 j 1 

q~ ^ + 

p'^ 5P. 





Now must be given, therefore let it also expressing as 

before in terms of /, m and jx, we have 

2F' _ _ 1 /I 

Qi A* f«.l>— 1)] / 

also being expressed in the same way gives 




These expressions enable us to calculate the magnitude and 
direction of / for given values of f, m and ju, ; but it will be con- 
venient to take the ordinary value of ft, orft=g, and simplify the 
expression still further ; in this way we find 

1_ 2F 2r 1 
r"" q^ 

_ B /9— llw-f 1/1 m(9— 8m)\ (8m4'l)(l—«») 

~ ^\(8-w)(2 + my/ y\b^ 3(3-m) / /3(2+m) 

from which the value of r' is easily found for given values of 
m and b. 


Ex. 1, To apply the formula to finding the radius of cur- 
vature of tke image of the sun or moon given by a convex lens, 
as in Ex.^1; page 137. 
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We have now « = oo 



P==Pi-^Pi 



-■=/?! nearly, and F' vanishes ; 


J. 


1 

■/ 



31 

21 / 


or 


‘ 31 '' 


— ““ 7 / nearly, as found Ix'foi c hy the 


other method, page 137, and the image is co?icave towards the 
lens, since qi is positive and / is negative. 


Ex, 2. When an object which is a straight linci, lias its virtual 
image given ])y an cyc-lcns, magnified 10 times, rc(piired the cur- 
vature of the image. 


Then 


1 1 _ / 1 _ 1 \ 



m 

also /’i— ~0 


and substitutins this value of m in the formula for - - we have 

o y. 

1 63027 

51408./ 

and /= —g/ nearly, as in Example 2, page 138, 

also 5 ^^ is now negative, therefore the image is convex to O' and to 
the lens. 


Ex. 3* To find the curvature of the image when lens acts 
as a field-glass in the eye-tube of a microscope or telescopi?^. 
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The pencils converging from the object-glass to form the primary 
image^ are now intercepted by the field-lens and we have m nega- 
tive> of different values in different cases ; 


As a simple case^ let 



-1 


we have 


/“/1 48 b] 


if d=24, or for the case of a telescope 


then 

and 


1— -1 11 

/“‘/48 

y-'=jj/= 4/ nearly 


and 



is negative, therefore the image is concave to O'. 


Wc find for this case 

and the circumstances, 
are those of the figure. 



In the case of microscopes b will be always smaller, as seen in 
the next Example, but if not less than 4, the image will Be still 
convex to, the field-glass, and concave to the eye-glass, thus 
allowing a larger portion of the image to be seen distinctly than 
would have been if the field-glass had not been interposed and the 
original image convex to the eye-glass had been viewed; and 
hence the name of field-glass from this property of increasing the 
extent of the distinct part of the field of view. 

Ex. 4. To find the curvature of the image of a straight line 
formed a single convex lens, as the power of a compound micro- 
scope. 

1- JL-l-l. 

io« f u 


Let 
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/ 



applying this value in the formula for r' wo have 


J_ 11783 

/ 8832/ 

or nearly 

and qi is positive, therefore the image ia concave towards (/ and 
the lens. 


We have now 


19 

5 "^55 


5o 

*•=19 


and s — ■ ~ — = / 

2-n 91 •' 


and the circumstances are as in the fis'iire. 






Ex. 5. To find the curvature of the image when a jiriinary 
image is nea?' the field-glass of an eyc-picco, similar to liams- 
den^s. 


We must now suppose u very 
small compared with the focal lengtJ) 
f 

of the lens and «=— m is very 

large, and we need only take tlie 
highest powers of m in the expres- 


sion for 


then we find 


83 




4 

If A = oo for a straight line, then >*'= 33 / >» negative, 

and / and being of opposite signs, the image is concave to O' 

5 , * 

and the lens; the value of /•= —gW is very small conlpared with 
/, and B positive is very little smaller, therefore the meniscus is 

L 



146 


OPTICS. 


nearly a spherical shell and the circumstances like the figure.' 
Whcu wc have discussed the Chromatism of eye-pieces, we shall 
see that if we use such a lens as this in order to procure a large 
field of view, we shall not be able to satisfy the condition for 
achromatism. 

Art. 54, When an image is considered the locus of the circle 
of confusion, for very small pencils or considerable obliquities, we 
can find the form of the image by calculating a successioii of 

points on the respective refracted rays at the distances, !!Llt3 

A 

from theHens, 

We cannot correctly, however, consider an image as fomed in 
this manner near the center of tlic field of \icw, where the 
obliquity is very small, and where the aberration in even a small 
pencil becomes very large compared with the confusion. The 
radius of curvature of an image, at the axis, as if formed by iiulc- 
finitely small pencils, will, however, be found in the next Article. 

From Articles 42, j)age 103, and 49, page 125, wc have to us(' 
the expressions for very thin lenses as follows : 



fuu cos. t 


V 

. 1 


C 1 

if — j — 

JSCC. 

t — 

Vl ^ 

^ cos. % 

f\r 

f 

u 

1 

fu, COS. i' _ ' 

v/1 1> 

V 

. 1 


r- — l 

)(- + - 

jeos. 
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^ cos. ^ , 

/\r s^ 


u 


If we take equiconvex, and the object directly 

before the lens, but so distant that we may neglect ^ , when the 
focal length =1 . for £=0, we have the scries of values 

for as follow : 
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for i= 0, IlpL = 1 . 

<6 


*=10®, .... 

= .975 

i=20», .... 

= .904 

f=30», .... 

= .798 

i=40", .... 

= .073 

>■=45", .... 

= .609 


which give an image as in the figure, drawn to a focal length of 
one inch. 

This form of the image with the attendant distortion can be 
easily seen with a small 
lens of one inch focus, 
by receiving the image 

which it gives of the - 

bars of a window, on a 
piece of paper bent to 
the required curvature. 

The distortion or change in the proportions ot diih rcnt eorii'spoud- 
ing parts of the image and object depends cliieily on the ( Imngc 
in the relative distances ol’ tlicsi? corresponding parts from tlio 
lens. 





-f4- 


If w^e exa- 
mine the form 
of a real mag- 
nified image of 
a straight line, 

we find it as in the figure, and the distortion, (except near the axis, 
is very great, the figure being drawn for a focal length of.]- inch. 

In the case of a virtual magnified image we find, as in the 
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annexed figure^ to a focal len^tli of \ inch, and the distortion 
is now again very great at the boundaries of the field of view, 
these parts, being now extended, whilst in the former cases they 
were compressed. 

Art, 55, Prop, To find the radius of curvature of an image 
of a given object at the acds, when considered the locus of the circle 
of confusion. 

We have now the obliquity i very small/ and considering the 
lens very thin, we must use the expressions of Art. 43, page 108, 
in the following form, 

1 _1 1 t^(2/^ + l) 

Vi / w 2ft/ 

1 1 

where u is the distance of any point in the object from the lens ; 
let Uq, Vq be the values on the axis when Vi and Vg each =:Vq. 


If r^ be the radius of curvature of the object, we shall have as in 
the previous articles, 






and substituting 

/ «o 2V»-1 »o #»/ / 

Jl^I^L+IJ1.+L+L\ 

»a / «o 2 \ri «o f*// 
111 

and Mnce — 

t’o / «o 


we have'^ 



2 U 


2,t + l\ 
f*/ / 
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2 \r. 


+ 



Putting p— the distance of the circle of confusion from the lens, 
we have 




^1 + ^2 
2 



1^(JL 

2 Kr, 




tLtl\ 


and comparing this with the approximate equation of a circle, 
whose radius =/, and being supposed convex to the pole, as 
before, has its least distance =i;^ as follows. 


or 


P=Vo4- 


2 \r vj 






1 

u,, 









or, the curvature of the image depends on the curvature ot‘ the 
object and the focal length of the lens, l)ut is independent of the 
distance of the object from the lens. 


Now being positive, and / negative, whilst is 

positive for an object convex towards the lens, equal iniinity for a 
plane object, or for a concave object negative but — , 

we have the image concave towards the lens. 


When = ^ — the image will be plane, or the object may 

be so concave towards the lens as to give a flat image^ and any 
greater concavity than this will give an image convex to the lens. 


Again, when the image is virtual we have p 







^negative. 
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and of the same sign as / whilst the object is plane, convex 
towards the lens, or only sliyitly concave; therefore this virtual 
image is convean to the lens. 

This discussion shews us that in such instruments as the magic- 
lantern or oxy-hydrogen microscope, the pictures should be painted 

on a curved surface with radius n such that —= — and 

then / will be infinite or the image will be plane, and may be 

0 

received on a flat screen. Taking above expression gives 

0 

ri=i:g/. ’When the object is plane or /*!= infinity, then the radius 

• 0 
of curvature of the image =/=-/. 

o 



CHAPTKlt V. 


ON ACHROMATIC AND APIAN ITJC COMBINATIONS. 


In the Chapter on Clu-omaticd, Paut I., it was '^lat(‘(l that the 


dispersive power of a lucHlIiim 



- Mas hist ilctermincil fioin 


measures of tlic refractive iiulh*«"N of Fraunliofii-^s line« hy 
taking the difference of fc, for the fixed lines i) and and 
the in the denominator the mean betMcen (lu'in. For praetieal 
purposes, anothi'u method of ih'tenuining (he rit/io of tlic dis- 
persive powers of tuo bubst«iuees would he mori* fiMpiently 
employed; and this dispersive ratio is all that is reipuri'd in 
forming double achromatic prisms or hmsi's : that is, we do not 
require to know p^ or dispi'rsive j>o\vers, hut only 


their ratio, say 


77 

For this practical method </t tleUTmining Z7, Mitlmut (he laborious 
and delicate experiments with (lu hraunlioter .spectrum, sec 
page 157, Art 58. 


AVhen w'e have triple combinations of either prisms or lenaes, as 
ill Art. 86, Part T., we may combine fliree of the fixed lines, and 
thus reduce the residual spectrum wIffMi arises from the irra~ 
iionality of the dispersion. This riquire* another method of 
treating the dispersion, and Sir .fohn Jl(*rs(hcl has proposed to 
refer the dispersions of different media to that of wutm* at a fixed 
temperature as a standard, in the following maniu'r. (Sec the 
article ‘LighP in the Eneyclop<edia Metropolitana.) 

Let fto be the refractive index for the given substance and the 
fixed line B; the refractive index for water and the Sterne fixed 
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line. Let ft and x be the refractive indices respectively for some 
other fixed line^ and assume the following series 



8a? . \® . / . OL. 


Now if lEi be taken for the other fixed line^ and we find 8ft and 
8a? in numbers^ we have the constant a given by the numerical 
equation 

8a 8a? 

fto~l a?o~l 


If wc find 8ft and Sa? for B and another fixed line as H in the 
violet, we shall have two equations of the form 

8/t 8a? , ,/ 8a? 

fto— 1"“%— 1*^ (a?o-~i) 

which will give values to both a and % and so we may proceed 
onwards for any number of fixed lines. 

Sir John Herschel has given a table of the coefficients a and b 
for the substances contained in Fraunhofer^s table of refractive 
indices at the end of Part I. 

The series which expresses the equivalent of - cannot be 

given in a general form, but must be adapted to each particular 
case; thus, when wc have a double achromatic lens or prism to 
discuss, we should use the lines D and F, or perhaps C and F, to 
determine the value of a ; but if we had a trij?le combination to 
discuss, we should probably choose the lines C, F and G to deter- 
mine a and 6. 

The angle in which the spectrum is dispersed changes with the 
incidence on the prism, and a prism of a smaller angle at one 
incidence will give an angular dispersion as great as a prism of 
larger angle at another incidence. By placing two^ prisms made 
from the same material, but of difierent angles, with their edges in 
opposite directions, a combination nearly achromatic may be 
formed, which gives considerable deviation to the pencil. 

An object viewed through such a combination, appears extended 
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in one direction but without colour ; and if another equal combi- 
nation be set with the principal section of the prisms at right 
angles to that of the firsts the object appears extended in the 
direction at right angles to the first, or it appears magnified. 
This constitutes Ifce prismatic telescope of Professor Amici, of 
Modena, but the combination had been long previously studied in 
Scotland by Dr. Blair and Sir David Brewster. 

Prisms placed in any other position than that for the minimum 
deviation, we saw in Art. 29, were afFocted with confusion, so that 
to produce distinctness, the pencil should pass through each of the 
prisms in an achromatic combination at the angle of miuiniuiii 
deviation, when the angles of the prisms are not small. 

Aut. 56. Prop. To investigate an expression for finding 
the forms of two prisms in an achromatic cotnhinaiion, when the 
pencils pass through each with the minimum deviation. 

Let and d^ be tlic deviations produced by tlic ])risms whose 
angles are and ao, and refractive indices and rcs|)ectivcly, 
and f/j H-f/a tlie deviation produced in tin' pi'iicil by botli. 

When there, is achromatism, the difrereiitial of (r/j 
with rcsj)cct to the variation of the refract i\e indice.'*, must =:(). 

or d{d^)-^d{d^)-M^ 

but at the angle of minimum deviation, Part 1., Art. 35, wc 

1 '*1 • + 
have p-x ^ ) 

sin. . dp^i = cos. 

and similarly for d{da) 

sin. • rf/t, sin.-^.rffig 

1 —ft,® »«*•'’ 's/ X — »in.® ^ 
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or putting 


we have ill=— .. 


/‘i-i '' 
in. ly' 


1 -/ 11 ® sin.*-^- (/tj-1) 

^ 

l-/i2®siii.®-^ Oh-l) 


which gives the relation between the dispersive powers and angles 
of the prisms required ; the negative sign shewing that the refract- 
ing angles of the prisms must be turned in opposite directions. 

Art, tf7. Prop. To find the conditions of the most complete 
achromatism to he obtained hy a triple lens. 


First, to find the differential of -y in respect of the variation of 


y., we have 




From Art. 80, Part I., we have for a combination of lenses 
when the aberration is neglected. 




or, for a triple lens when the focal lengths arc fi, /g, and 
dispersive powers p^y p^, respectively 


^ fi A fs ^ 


and the differential of v must =0 for the variations of the refractive 
indices 
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... + 

J\ J% Ji 

or using the formula of Sir John Herschel, we have 

.If So? , / B.V \ - 1 

where the coefficient of i is the value of jj„ aiul those of , -4- , 
1 J's 

the values of and respectively. 


Now m order that the equation may bo satisfied independently 
S;i’ 

of any particular value of — ^ — - , we must have the eocfficients of 
each power separately =0, or 



()r=: 



3 fh 

A f, 

A A 


Let the focal hmgth of the conibination — t\ or 


I 2. 


1 1 


These three equations suffice to determine /i, and of 
which one at least must he negative^ and^another positive. 

In the triple lens we are thus able to unite the three of the 
fixed lines of the spectrum whicJi were employed in calculating 
the coefficients a^, n.^, b^, and thus reduce greatly the 

residual spectrum. 

Art. 58. Prop. To find the condition of achromatism in two 
lenses separated by a given interval. 

Let the lenses, in the first instance, be supposed as in tHe figure; 
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and/i the fodll length of /g that of c^, V2^e^g2, 



Qci^u, and the distance Cj Cq between the lenses =a, 



J-=J-+_L_ 

«3 fi vi-a 

Now, when g'g is achromatic focus, the differential of in 
respect of a variation of jit, must = 0 ; therefore, differentiating 
the above equations, we have 

-Pi 

V/i 

V fi K-o)“ 



which gives the relation required, the negative sign shewing that 
one of the lenses must be concave, and the other convex. 

When a is small we may neglect and have 

This discussion shews us that when the achromatism of two 


ON ACHROMATIC AND APLANATIC COMBINATIONS, 157 

lenses in contact is not completej it may be improved by sepa* 
rating them ; but the condition is not then independent of u. 

This formula enables us to determine the dispersive ratio 

when we have fousd the focal lengths of two lenses 

which form a combination nearly achromatic^ by measuring the 
distance of separation a which renders the achromatism complete. 
This is the method referred to at the beginning of this Chapter, 
and is independent of any hypothesis as to what rays should 
be taken in order to secure the best result in practice. 

Art. 59. The results of the jirevious Propositions, vvhich arc 
treated on the usual method in achronmti'^m, must be considered 
only first approximations. Wc may consider a lens as formed 
of an infinite number of virtual prisms, whose faces are the tangent 
planes to the surfaces of the Ictis. Now if a ray always passed 
through the lens parallel to the axis, our ordinary expressions arci 
easily obtained by the properties of })risms with small refracting 
angles, but^as the rays pass obliquely in general through the 
lenses, there is strictly a small correction remaining, which 
depends on the difference of the distane<‘s from the axis at which 
the ray is incident and emergent, that is upon the thickness of 
the lens and the inclination of the ray to tli<‘ axis. In telescopic 
object-glasses this correction is always small. 

To shew how the iismal expresMon for the achromatism of a 
double objcct-lens may j 

be obtained by the consi- 
deration of virtual prisms; 
let O be the center of 
curvature of the first. O' 
that of the second sur- 
face, PK a line parallel 
to the axis 00'; P/, 

Pr tangents at P and 
F; then PIP' is the 
refracting angle of the virtual prism through which a ray PP' 
passes. Draw the perpendiculars PM:=iP'N=sy say, and IK, 
then the tangents being perpendicular to the radii, we baJve 
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z /= z PIK+ z P'JK 
= z POM+ z P'bw 

r j? 


and the deviation between the incident and emergent rays 




“/ 

similarly in the concave lens we should have for the deviation 


2X= 




and D + 

and dilFercntiatiiig in respect of ju, anti [/, we lane. 

t/(D+D')=0 for achromatism 


or 



f f 


as found in Art. 85, Part I. 


If the ray passes obliquely through tlu* lens, the above result is 
not quite true. The student nho feels interested in the subject 
will find the problem discussed for a telescopic huis, in a ])aper by 
the author, in the Transactions of the Cambridge Philosophical 
Society, Vol. VI. Part III., but the process is too long for inser- 
tion in the present treatise. The following is the equation for 
achromatism. 


o 

It 

l-r 



Pi 


\ 








iW'" y 

'npi 


M— 1 g 

l±._ 





, 1^1 



ON ACHROMATIC AND APLANATIC COMBINATIONS. 159 


where is the thickness of the convex lens at its edge, the 
radii of the first and second surfaces ; r.> the same quantities 

for the concave lens, which has the same curvature at its inner 
surface as the convex; also ju, the refractive index for the convex, 
(a' for the concave, and 




i 1 /I U 



, — = ( p — \ 

Fi 


f2 V/-.^ / 


The investigation would require modilieation for the ohjoct- 
lenscs of microscoj)cs on account of the j)roxiiuity of the fdqect to 
the lens, witli the larger ])roportion of the a])ert.ure ami /^, 1o 
the radii of tlie surfiiccs. The corn'ction would ])rohahlv risi* to a 
larger amount than in telescopic lensts, hut in ])racliee these 
corrections would appear to the working optician as defective 
acliromatism, and would ho easily riiuedied hy changing the 
curvature of om? of tlic siuiaces. 

Tlse achromatism of ey<‘-pieces was esplaiiieil i)i Art. S7, Paut J. 
to he prodnc(!(l hv IIh' lenses h(‘ing platted at sncli distaiua* that 
the coloured rays, which originally const itufed a ray of whitt‘ light, 
emci'ged from th(‘ eye-lens in a state of parallelism; the j*esnll 
being produced by tin.* ray which had the juost deviation at the 
first lens, having lh('. least at the second one. 

A similar elfecl takes ])juee, in a sing.h' hms, at the two surfaces, 
when tile thickness is cojisidcralde, 

Enler, to whom wc are indi’hted r«?r the metliod of jnv(‘st.igalion 
used in the next article, ha^ discussotl in his work Dioptrica,’' 
the case of a single thick Uais, as well as tlie eases ot several 
lenses. 11 is method consists in takin^^ tlu; angles which the 
dilfcrently coloured rays make with the axis of the lens at emer- 
gence to "be the same; when tlnw have originally constituted one 
compound ray. Thus if 0= ^ 
have 





and therefore 
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Art. 60. Prop. To investigate the condition that two lenses 
the same kind of glass may farm an achromatic eye-piece. 


Let f be the focal length of the lens C, fa that of C\ and the 



distance CC'^a; QPP^q^ being the course of a ray. 


Let QC=m, qiC=^v ^ q^C'=v' , PM^y, FM':siy' ; 
111 

then — =--2r 

V fa u 

-=- 7 +— 

V fa V — a 

y' _ q\M' _v — a 
'y V 

and, tan. P'q^M' is to be the same for rays of all colours, or 
<?(tan. ^^3^0=0 

but, tan. P'^aAf'=-~ 

jy{v-a) rl 1 | 

V — aJ 

differentiating with respect to ft, and equating to zero, wc have, 

since y is the same for each coloured ray in QP, 

fl fi f\ fl Si ® fi 

since p the dispersive power is the same for both Imises, and 

C 1 . 1 / 2 1 \ 
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which gives the distance a required. 


For the eye-piece of a telescope u is the distance of the tield-gluss 
from Q the center of the object-glass, and being large compared 

with we may consider which inak(‘s th(‘ investigation 

more simple for that case, and gives 

^fi±L 


2 


For the achromatic eye- piece of a microscope cannot be 

neglected, and ue see that the lenses should be mon‘ separated 
than for a tclescopi*. 


By the same nu'thod the condition of achromatism in an cye- 
j)iccc consisting of tliree or four hmscs may be investigated ; but 
in tin* case of three lenses one of the distances is arbitrary, and m 
the case of four lenses two of the distanci‘s arc* arbitrary. 'Plie 
student will find both cases investigati*d in Mr. (Joddington’s 
Treatise, Articles 209 to 212. 


Aplanatism , or freedom from aberration, bas been alri'udy 
discussed for single lenses in Art. 87 ; we have now to eoiisider 
it for combinations of lenses, wJiere the aberration of oin* of the 
component lenses is destroyed by the I'ontrary aberration of the 
other, or others. 


The small term in the value of - being its variation, depending 
on <rr (or y^ = 2»rr nearly), and the form of the lens, together with 
the refractive index, we may write it o . | , or 

111 1 

— — + 5 • 

7* J It r 
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and we may use ^ ~ to either, a second or third approximation 

according to the requirements of the particular case under dis- 
cussion. 

Art. 61 . Prop. To investigate the general conditim of apla- 
natism in a series of thin lenses in contact. 

Let /i, /a, /a, &c., the focal lengths of the lenses in 

succession from Q, 



then we have, as above, 

1 1 JL+a.l 

Vy fi « K, 

^3 /a ^^2 ^8 

&c. &c. 


or, performing the summation we have, if we put n for the number 
of the lenses, 



and the aberration =8 . v„= — 



Now in order that the combination may be aplanatic, we must 
have 8.Va=0 
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It was found in Art. 85 that in certain cases^ convex lenses oi‘ 
the meniscus form had opposite aberration to what is the general 
direction, and hence combinations of a meniscus with another 
convex lens may be aplanatic by the opposite aberrations dcsti*oy- 
ing each other. Aplanatic lenses, however, arc much better 
formed according to the method of the nc\t article, so that achro- 
matism is secured at the same time as aplanatism. 


Coe. When the hmsch are separated by given intervals 
&c., the expressions become as follow. 



and 

and the sum 
lation of the 


,// 7 ~ ) 


Ike 

i I 


vVv<‘. 


/m f'u J 




V 1> to be formed, b\ the numenoal ejdon- 

value of eaeli of its t< ruis ^ 


Art. 6&. Trop. To appfy the vondifiott for aplanatism to 
the case of the dovhh ohjcct-yhmts of telescopes. 

The aperture of the object-glass iif a triescopt* i'« fio small in 
comparison of its focal Icn^h, that wo have no ueed to go higher 
than the second approximation, in forming the e([uation 

1 
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Referring to Art. 36, page 81, we have generally 



= (3.a + 2)m® + (jw. + -f 4(/tt + l)mn — — 


^-1 


(i^-1) 


.} 


If we put /xi, Wp %, //i, /i, and for the values of fj,, m, n, 
p, /, and A for the first lens ; and /x^, n^, A, and A^ for 

the second lens, we have 



=0— ei-i 




-^1 + 






since y^:=^2xr is nearly the same for the two lenses. 


We have also the equations, see Part I. Art. 85, 


1 


F 



0=:-&4-^ 


and we have to determine the radii rj, s^, respectively, of the 
surfaces of the lenses ; or, which is the same thing, we have to 
find fy and f^, with and «. 2 , when is given, and therefore 
is easily found in terms of mi and /*]. 


Now and /g are given by the two last equations, and we have 
only the one equation for aplanatism to determine and 
that is, one of these is arbitrary. 


Amongst the difierent conditions which have been proposed, in 
order to furnish another equation, that of Sir John Herschel is 
undoubtedly theoretically the best; the condition proposed by the 
celebrated French mathematic^ Clairaut, and adopted by Pro- 
fessor Barlow^ that the contiguous surfaces of the lenses should 
have the same radii, convex and concave respectively, and be 
cemented^ together in order to save the light which is lost by 
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reflexion at those surfaces^ has not been adopted for the object- 
glasses of telescopes, although it is in general use for those of 
microscopes. 

Sir John HerscheFs condition is this ; the telescope bemg used 
to view very distant objects, we take oo Wi=0 and having 
f f 

^ 2 =-—= — which IS therefore known, and >vith 

**2 J I 

these we obtain the equation 

.“i" 

With w,, n^i and given quantities, but the trlescopi* may be required 
to view objects which are nranT, although tt is still large, say 
more than ten times F, and so small that we may neglect 
in forming the condition of nplanatism. We thus olitam another 
equation with ??2 and known quantitus, winch is uurely the 
coefficient of Wj 111 the gimcral expression, eqiiateil to 7t‘vo, because 
the term with is neglected as very small, ami the term mdt‘- 
])endent of vw, was previously e(piate<) to k(‘vo, ]>) taking tirst 
The resulting object -gJa>s is free fiom aberration for 
the hi'avenly hodu's and for terrestrial o]»jei‘ts of <'onsidt*ruble 
proximity. 

Sir John llerschel has given a valualdc table for faeililating the 
construction of object-glasses on these conditions; hut the priu*- 
tical opticians find the construetion difficult, because the aberra- 
tions of the separate leases are very large*, and therefore the 
slightest deviation from the theoretical curvatures jiroduces u very 
sensible error in the combination.* 

A similar table, calculated with one of the conditions as before 
m^^O, and the other that one of the lenses should have the 
minimum aberration, would probably be the most serviceable to 
the working optician, and enable him to furnish more effective 
instruments than Sir John llcrschers rules* 

* See a little Treatise, entitled “ Practical lUu&tiationa of the Achromatic Tele- 
scope. Being the substance of (wo Papers read before the Society o| Arts.” By 
Mr. Ross. London, 1810. 
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Art. 63. Prop. To investigate the aplanatism of the object 
glasses of microscopes. 


Wc have to determine, as in the last Article, s^, s^ or 
their equivalents /j, f^y n^y n^y when is small, and therefore ?/?j 
is large. Our equations as before, arc 





A A 




/^o- 


■A, 


An additional equation would arise from the method hitherto 
practically used on the proposal of Clairant, that is 

^’• 2 = —^1 

and the cementing the contiguous surfaces with Canada balsam, 
has been attended with no inconvenience, on account of the unequal 
expansions of the lenses by heat, because they were always small. 


These equations suffice to find the form of an achromatic lens 
to be used as the power of a mieroscofib which .shall also be apla- 
naticj when the length of the tube of the instrument and the 
power of the object-glass are given. 


It was stated at page 151, Part I. that the powers of the best 
microscopes are now made with three achromatic lenses, which for 
a series of years were each plane on the side towards the object. 
A later improvement has been effected by Mr. Lister in making 
the one furthest from the object triple ; that is, two convex lenses 
of plate-glass, with a flint-glass lens between them, all cemented 
together. 

The object gained by using three achromatic lenses for the power, 
was stated to Ipe the large quantity of light collected in the image, 
which being also very accurately achromatic and aplauatic, allowed 
it to be hfighly magnified and still remain bright and distinct. 
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If we examine the expressions for and A,, Art. 62 , we sec 
that nti rises to the square in the equation 


and t<n’ any valiu's ol theie \\ill lx* generally two 

valu(‘s of (or none), which will satisfy the equation; and 
therefore (unless when the two roots are eiju.il) there will lx* 
l/ro positionit of the Inininous point, whidi will leave aplanatio 
eonju*i:atc foci, if there bi* onv sueh. 


Ajraiu, at these foei, aithouLdi tlx* dir<‘ft abi'rration ni5i\ \anish, 
the obhqin* aberration will not neeessanh dtv so, but will remain 
ol sonn* desxiee ot maiciutmle, uuh ss (he eonipound lens has a 
puitieular loriu. The dearie and liir.ation of this nt^hfuul oblique 
.dxiration tlep(‘iids on fl|« of < n#'r l b\ tie* lOtni.t or 

h iis, iKVortliiiii’ to the paitieuhir lorni of md the ilirectiou of 

the pi lied tbrmmh iL 


Mr. liUter deemired expeninentall'i tli< tvvo apl.iiiatie loci of 
Ills ])luno-,u*liroinat u* leiisis^ nlneb ai» shewn to i ost tpmrofhjj 
lioin till Jinal\ MS al)o\ ( , and abo ilu iitiet oi tlx oblique alien. i 
Uon in iheiii, wbieli he deseiihi > ni tlx followin’: (iriii' ' ‘‘One 
otiix*!’ puoptit^ ol tile double obji el-iilas> I, I, Mills to lx xieiilioiiixl ; 
wbxli is, that wlieii (la lonaer «q)l.iu.Uie f<*eiM m iiseil, tlie niar- 
i;ni,d ra\s ot jx ned iio( i oniexh nt willi ibe axis of tlx* *;lahS are 
dolorlidj so ihai .i eoiua is ihiowu outwards , winh* tlx* eontrary 
* Ifeet of a eoina direeted !j»w,ird-> die e, uli> i 1 llie tit id is produced 
by the ra\s from the -hoi fit foeus. 'fix st pei uliarities of the 
eoina seem inseparable attemlants f>n i{w* iwo Ibei^ and ar<* as 
eonspieiious in the aehrohiatx* meniscfls. »s m the plaiio-aioiucx 
object- jirlass.^^'t' 


Wc ftce that Air. Li.stor thoU4*ht the oblique aberration aii 
inseparable attendant of the aplanatic foci, but now that our 
aiiahsis is brought to bear on the subject, wc sec that a single lens 
may be free from tlx* idFect of obliquity, and therefore a double one 


' s,,. i*hil lirtH'. loi IH.JO, page l(»7 
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composed of two such, see Art. 46, and as there are generally two 
values of and Wg, which satisfy the equation of aplanatisni for 
a given value of m^, we must evidently in the cemented double 
achromatic lens take the value of which gives the outer surfaces 
the nearest in accordance with those of the single lens, which 
is free from the effect of obliquity. 

The annexed figure will explain the positions of the successive 
foci in the triple achromatic power of a microscope. 

The object Q is placed so near the lower 
lens, that the virtual image it forms, will be 
at some such position as ; the rays fall on 
the second lens as if they had come from an 
object at which is still so near the lens as 
to give a second virtual image as at q^, but 
the rays falling upon the uppermost of the 
object-lenses, as if coming from an object so 
distant as q^t give a real image as at q^, which 
being again magnified by the eye-j)iece, we 
have the compound microscope completed. 

The position of Q is so near the first lens, 
that the incident pencil forms a cone of large 
angle (about 90*’ in the figure), and the 
second lens must be large enough to transmit 
it also, and similarly with the third lens ; so 
that if the object Q be bright we shall have a 
bright image at q.^, and if it be also very 
accurately achromatic and aplanatic, it will 
bear magnifying many times again by the 
eye-piece. 

Mr. Lister having his lower lenses plano-achromatics, was under 
the necessity of using, approximately, the aplanatic foci which 
.belong to such lenses, but he had still at command the focal 
lengths and distances, so that by changing these, the final correc- 
tion could bc‘ made very complete as to achromatism, as well 
as direct^ and oblique aplanatism. He says: ^'The adjustment 




.-i 
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for the microscope is then perfected, if nece3sai7, by slightly 
varying the distance between the object-glasses, and after that is 
done, the length of the tube which carries the eyc-picccs may be 
altered greatly without disturbing the correction; opposite errors 
which balance each other being produced by the change. 

In combining several glasses together, it is often convenient 
to transmit an undcr-con*cctcd pencil from the front glass, and to 
counteract its error by over-correction in the middle one. 

Slight errors in colour may in the same manner be destroyed 
by ojipositc ones; and on the principles described, wr*. not oidy 
acquire fine correction for the centra! ray, but by the opposite 
effects at the two foci on the transverse pencil, all coma (*an be 
destroyed, and the whole field rendered beautifully flat and 
distinct.'^ 

AVheii a thin ])lute of glass is ]daced over the ohject, its aherra- 
tion, which depends on the thickness, ste Art. ^1, will bi‘ in 
addition to those of the lenses, and hence a diiferent s(‘paration of 
tile lenses is rc(juired for at)hinatism ; this is aeeomptislied hy an 
appropriate, mechanism according to Mr. lto>^’s inq)n>vcmc.nt, 
whi(;h is now universally <’inployed in tin* tincst Ihiglisb micro- 
s(:o])cs, and this atljuslinent an css<*iili:il pi>in1 to he atlended to 
when view'iiig the most dilKeult test-objia ts. 

AiiT. 01. Ibtor. To put thr njuahous for a duuhh achro- 
matic and aplanatic lens hi a /onu Jor it$c in computation. 

In the first instance, nutil the forint of tin* lenses corresponding 
to some given position of the ohject at Q arc determined, we take 


^ - " Si 



the forinuhe as aj)plying to such a case as tlm aiiiicxed figure; 
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and have 


— (1) 


F /i + /a 

(2) 


+ 

II 

o 

(3) 


Let Iff = tlie dispersive ratio which must be given, then 


from (3) 
substituting this in (2) 


1 ^ 
fi 

1 

fi 


and 


^ h' 


which give and in terms of F the focal length of the com- 
pound lens and the dispersive ratio. 


Again, ?<^ = QC, — 

1^ 

”” f\ 

1 — »«! 

Mg 

— 

- a. ^ 

• ■KT 
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Substituting in the expression for Art. 62, the particular 
values, we have ( 1 ) in the form 

0 = + 0*1 + 2)»i* + 4(f*, + — 

-7.7-1 I 

+ (%2 + — ^T"’) + +■ ^)"2‘ l(f*2+ 1)”!^— — 

//-2— 1 \ ^ / “ (u.j-’l)' J 

v\liich rises only to the second degree in Wj and give^ in 
general two values of any one of Ihese qnantitiis, when the other 
two arc given. 


The above eipiation may be siniphtied by multiplying up jw-p/j’ 
and putting x=: the refractive ratio 


then 

'^ 2/2 

When the inner biirluec's eoineide hn eeiMentinic, we 1im\( 



1)' 


Ex. 1. Let — i?=2//i for the lower lens of the object-glass of 
the achromatic microscope, and being the reci- 

procal of the dispersive ratio used by Sir John llevschel for his 
Ex. of a telescopic lens, since we place the concave Hint lens 
nearest the object ; and ft| = 1.589, 1 x 3 = 1.519 from his example, 

i_^^ 

V 2ui F Ui 


then 
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3“2(1-Br) 

_ /l 

mj = 2(l--'5r) 


= -2 X .764= -1.528 

and is here correctly negative, for Mj is positive and negative, 


and 


_ 1 — 


_ 2.528 
1.764 

= 1.433 


•5r(^i-l) 


l-.589«i 
.589 X 1.764 


= + .963-. 567 7^1 


)CT3-^ = — 


fl 


= 5.742 


Substituting these values, wc find the following quadratic cqua- « 
tion for , 


0=2.907 3.503 + .294 

.V Wi = .6026+ v'.'^ 

= 1.114 or .090 


Taking the first value of we have 

1 »i «i 


= -.686F 
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- W-i)/i 
= - 1.308 


= + 1.308 F 


1 — 


= .271 IF 


find the lens is as the 
figure drawn to the scale, 
F=one inch. 



If we take the other value of Wp wi‘ hav<‘ 

.V, = — . 175 F 

and the first surface is nuicli more, nearly plane than in tin* former 
ease; which approximates to the*, form of tlie menis<ms in I'a. 5, 
Art. 4(i, with the oblique aberration the sanu? as the direct, Jind 
which we should consequently adopt in practice. 


Ex. 2. To find the form of the lens, wlien for the 

furthest of the three from the object, \\hi<‘b has Its 4-onjugate 
focus real. 


We have 


1 ^ _ 1 
v ~~2i)a~ F If 


whence =—.727 

Wo = .963 — .507 w, 
>tTzr^= 5.742 


and with these we find that the eondition of aplanatism eainiot be 
satisfied, since the values of »i in the equation 



A + 
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are imaginary^ but if we equate to « a small quantity iu place of 
zero^ we find^ > 

«=3.907ni®+8.097ni4 .851 


and supposing the quantity under the radical sign to vanish, 
we have Wj = — .533 



1 —-sr 
n 


= -f 


.76 h 
.533 


F 


= ].433F 

= ~.342F 
—if, = .3 12 F 

,S*, — - ^)./*2 

*’ l~-(/X2— 1)//, 

= .65 tF 

and the lens to a scale F = one inch, 
is as in the figure. 



a 


This Example shews us that Clairaut^s condition, of the inner 
surfaces coinciding, is not always compatible with aplanatism iu 
the double lens. 


AiiT. 65, Prop. To investigate the equations for finding the 
form of a triple achromatic and apJanutic lens. 

We suppose the two outer lenses to be of the same kind of glass, 
crown or plate, and the middle one to be of flint-glass. 

We suppose the three lenses and the positions of the successive 
foci to Jie as in the figure, in the first instance, and until the 
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circumstances for any particular case arc determined; and our 
equations for acliromatisin and aplanatisin are as follows. 


JL- l._L 1 1 



fl fz f:, 

() = ^ A, + “-i L/, . 

^ I 1 


(J) 


(•^) 


• '• (3) 


Wo have to dot ermine tin; si\ radii r,, .v,, .v.,, /•., ,s,,, or their 

(jquivaloiits y’j, /J,, w,, so that we need three mori' equa- 

tions. These three equations may he formed on jUiy eonditions 
which establish desii*able properties in the compound hiis, pro- 
vided they do not lead to results incoinpatibJi' willi the' above, 
three equations. 

If the lenses are. lo la* ceimmled foi* a miei'ON(*opie oh}(a:( 
we have • x. 

OP '■'> 



w., \ —n-iii'-,- A) 

To form our remaining equation, we may suppose tlie two outer 
surfaces to have their radii in the same projwu-tion as those of 
a single lens in which the effect of obliquity vanishes, as found by 
the rule of Art. 46, from the expression 

— m(2,a" *- M, — 1 ) 

where m is to be found from the given value of F anclit.hc given 
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distances QC^u^, q^C—v^; ^ being the average refractive index 
for the lens, such that. 



then 

fells 

11 


F 

ri= — 

^ n 







Our sixth equation, therefore, takes the foiin s,,=yrj. 

For substitution in the equation of aplanatisni, we liave from 
the two first equations of this Article, and remembering that 

1 

1 

fr 


1 

HT 

/2" 

(\-T!r)F 


1 1 

/a , 

{\^73r)F 

From the fourth and fifth equations, we have 

^2 = 

1 \ 

( 

n. — ~ 

’)*•) 

"a — 

«irj — (1— zr)/' 
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Again, from the positions of the successive foci, wc have 
^2 = (1 — . F 

_ n^r^Txr^ (1 ~ wQ (1 - txt) F 


These quantities being substituted in the equation of nplnnatism 










we have a numerical equation for determining tlie remaining 
unknown quantity Wj. 


Art. 6G. Prop. To un'estiqafe the pijinttionn for Jht<tiu(/ (ho 
form of a douhlc achromatic lens trhirh shall be npLinatu* to the 
third approvimation. 


The equation winch gives the direction of a ray riMVacted li\ 


If 


I ^ 


a lens to a third ap])ro\mui(u)ii is in Art. U) foumt of the form 

v'/o 

" V I 

Using the same notatuai as befon*, ue l^ave for the double lens, 
as follows 


"l /l «I f^l" ./l' 




fz fl «1 ^ 1^2 / 2 / 

and if is the same for every ray, whatever may^be the value 
of a?r, we must have 
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=fh:zlA,+>^ 


0 = 




ilf » 


0 = 



A 

// 


( 1 ) 

(2) 


Now Dg must contain the coefficients of every term which, for 

the second lens, rises to a:V, and therefore — must be used to the 

second approximation in forming the value of A, which will thus 
yield Aq and also terms which have 

thus — = g - Ai 

«2 



m. 




/] 


f^l 


1 — 7W, 
Iff 




If the equation (1) be solved after ‘®’, and F arc 

expressed in it numerically, we shall have a relation between 7/^ and 
« 2 , and then the equation (2) suffices to determine them, and 
so also the form of the lens. 



CHAPTER VI. 


ON THE FORMS AND PROPERTIES OF EYE-PIECES. 

The use of an eye-piece of a telescope or imci*osco]>c is to produce, 
in a position fit for vision, a magnified image, of the real iiriage 
given by the object-glasses ,* and distinctness extended over a large 
field of view is the desirable property to be sought for. Now, thc^ 
properties of lenses which produce indistinctness an; the chromatic 
disjiersioUj the direct and oblique aberrations^ the confusion in 
excentrical pencils, and the curvature of the iiiiagt; which allows 
only certain poilioiis to I’cmain w'ithin the liinits of distance 
required for distinct vision by the eye. 

The use of a single eyc-lens for vciy critical astronomical obser- 
vations, except in all those cases w'hcrc a large fichl is absoluleh^ 
necessary, has the following recoiiiinendation from flu; pen of 
Sir Win. licrschcl, whose experience, and succc.ss leave his ojiinion 
beyond gainsaying.* 

Let us resign the double eye-glass to those who vic^v objt;cts 
ineroly for entertainment, and must have an exorbitant field of 
view. To a ])hilosopber this is an unpardomihU^ indulgence. I 
ha\o tried both the single and double eyo-glass of equal powcr-s, 
and always found that the single cyc-glass had much the supe- 
riority in point of light and distiuctne:jf}. With the iloiible cyc- 
glass I could not sec the belts on Saturn, which 1 very plainly 
saw with the single one. 1 would, however, except all those cases 
where a large field is absolutely necessary, and wlu’re power joined 
to distinctness is not the sole object of our vievv-^'* 

The equi-convex is the lens which has generally been used as a 
single eye-glass. The prismatic effect of a thin lens on a ray 

* See Phil. Trans, vol. lxxii, pp. 94, 9.>. 

N 2 
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passing through it at a given distance from the axis, we saw in 
Art. 59, depended on the focal length, and remained the same 
when the focal length was the same, however the radii of the 
surfaces might be changed, so that in such a lens the chromatic 
dispersion cannot be removed or reduced, with the same magnify- 
ing power. 

When the lens is thick, a small eflFect like that in the achromatic 
eye-piece takes place. 

The oblique and direct aberrations can, however, be greatly 
modified and reduced by ehanging the form of the lens, and from 
Ex. 9, page 85, Ex, 4, page 119, and Ex. 2, page 142, we should 
expect the plano-convex lens, with the convex surface turned 
towards the eye, to possess advantages sufficient to ensure its 
use. To shew the boundaries of the field of view distinctly, how- 
ever, the lens should be of the form found below for the field-glass 
of Huygenses eye-piece. 


Art, 67. Prop. To investigate the origin of the advantages 
obtained in Huygens’s eye-piece. 


The figure represents Huy- 
genses eye-piece with both lenses 
convexo-plane, and the focal 
length of the field-glass three 
times that of the eye-glass, with 
the distance between them equal 
to twice the focal length of the 
eye-glass. 


i\ 



The condition of achromatism as investigated in Art. 60, is 
satisfied exactly. 


From Ex. 8, page 85, we see that the direct pencil from the 
object-glass falls in a very favourable manner, though not tlie most 
so, on the field-glass for small aberration. 

If we make use of the result of Art. 50, page 128, as found in 
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the Examples, in order that the cxccntrical pencils may have their 
angles of incidence and emergence "equal, and therefore the con- 

2 

fusion very small, we have >•== 3 /, s= 2 /. The convcxo-plane is 

an approximation towards this form, and hence the confusion of 
the field-glass is small in the parts of the Image out of the axis. 

If we examine the conditions, in order that the lens shall give an 
image of continued curvature in accordance with Art. 53 and 
Art. 46, we find that the given ]iositioiis of the conjugate foci 
render our expressions unintelligible, but Kx. 3 , page*. 1 13, slu svs 
us that the pro])or form for the field-glass is a meniscus <^vitU the 
concave surface towards tlic cytj, and the image t)f a straight line 
is concave to the eye-glass. 

From these considerations, wc perceive that the C(mvc\o-j»l;me 
field-glass is an excellent corn])roinise to approximate to several 
desirable but incompatible qualities^ at tlie sana* time; although 
no one of these is fully acquired. 


Again, the eye-glass is not of the best i'orm for sin wing tin* 
central parts of the field of view the most distinctly, which, 
from Ex. 3, ]>age 83, and Ex. t, page lit), we see should have 
the most curved side towards the eye; but a]>plyiiig the cotiflition 
that tin; excentrieal pencils sliould have ecjual angles of incidence 
and emergence, wo find, as in Ex. 2 , page 130, that a dce]> menis- 


cus with radii /*—-/, 5 ”- 


— 2 /* is the proper form, with the cou 


vex surface towards the incident light. 


We see that the convexo-plaiic lens is intermediate and a com- 
promise between the two forms, though much nearer to the latter, 
and gives moderately distinct vision over a large field, which the 
concave image furnished by the field-glass keeps w'ithiri the limits 
of the distance required by the eye. 

Art. 68. Prop. To investigate the origin of the advantages 
obtained in Ramsden^s eye-jnece. 
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The lenses of Ramsdcn^s eye- 
piece beings as in the figure, t^o 
lenses of equal focal lengths set 
at the distance of about two- 
thirds the focal length of either, 
the field-glass is plano-convex, 
and the eye-glass convexo- plane. 

The lenses are set too near, together to satisfy completely the 
condition of achromatism ; and if further separated, the imperfec- 
tions and unavoidable dust on the field-glass would be seen with 
the image, magnified by the eye-glass ; but wc shall sec also that 
it is reqdisite, the real image formed by the object-glass should be 
at some distance from the field-glass, in order that its virtual 
image may be sufficiently concave to the eye-glass to ])roduce an 
extended field of view, within the range of distinct vision. 

By the result of Ex. 9, page 85, wc see that the field-glass is 
nearly in the ])Osition for its minimum aberration ; and by tlu* 
results of Ex. 5, page 120, wc see that tlic plano-convex lens’ 
approximatcjs to the meniscus, which is the correct form, in order 
that the oblique aberration may be the same as the direct. 

A deep meniscus we saw also in Ex. 5 dis, page 11 5, gives an 
image of a straight line which is concave to the lens in its central 
parts ; but as the pencils forming the other parts of the iiuage fall 
very excentrically on the field-glass, w^c must examine the form 
and distinctness of those parts as given by the primary and secon- 
dary foci. ^ 

To apply the expressions of Art. 51, page 133, to the case of 
the field-glass of llamsden^s cye-picce, we have r= oo, c= the 
focal length of the object-glass of the telescope nearly, and conse- 
quently very large compared with f that of the field-glass; 
nearly, and we may suppose t the thickness small compared 
with /. 

Since the image formed by the object-glass is near the field- 
glass, we have u small compared with s and / and need in the 
small term retain only the quantities which have w® in the deno- 
minatoi^ rejecting also those which have t in the numerator even 
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when they have in the denominator. We have then the expres- 
sions for and ~ identical, or fhe confusion is small in these 
circumstances, 

thus 

*^1*^2 s U fji. tr 2|X?< ' 

1 

where v^, and v are negative, and the image virtual, as u< q 
in the figure; they arc also to be measured from the point r\ 


E 


-f 




re r 


\ , 

\l 




Taking E for the itole, let Eq l''q 

and I‘''q'~t!^ 

DV/~ 

(Vom the approximate ((juuticin to the 

circular arc A'P\ 

2.9 r ^ ?r /x j 

and putting for s its value (a — 1) /’, also lu glccting / in the value 


of we have 1 ;= 


A 

f-n 


We see that the coefficient of 5- diminishes as u from being very 
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small^ is increased ; and by comparing with the approximate equa- 
tion of a straight line, namely, , 



we find that the virtual image becomes concave to the lens when w 
' 3 

is inereased, for jx=^ beyond the value .14*6/, and hence, in order 

to see distinctly a large extent of the micrometer wires and image 
formed by the object-glass, they must not be too close to the 
field-glass of the cyc-j)iece, which is according to the rule adopted 
by Kamsden. 

The result of the discussions of Huygenses and llamsdcn’s eye- 
pieces shews us, that if any improved eye-piece should be found, 
it will be by taking those forms of lenses which secure the most 
desirable properties, whilst the less desirable ones are neglected. 

Art. G9. Prop. To investigate the origin of the advantages 
in Wollaston’s doublet. 

As explained at page 152, Part T., Wollaston’s doublet consists 
of two lenses, of the same forms, focal lengths, and distanc<*, as 
constitute a Huygens’s eye-piece, being used for a microscope with 
the lens of the longer focus turned towards the eye. 

In the annexed figure let f be the focal 
I ength of the lens Cj, f that of c^, and the 

distance 5 also /g = 8 / 3 . 

Let Q be the place of the object, and q 
that of its virtual image given by the lens Cj. 

The primary image q is viewed through the 
eye-lens as if it were an object ; and the 
virtual image seen by the eye must be taken 
as at the least distance of distinct vision. 


We may, however, consider the rays emerg- 
ing from Cg as parallel, since the focal lengths 
of the lenses arc very small compared with 
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the least distance of distinct vision ; the combination being equi- 
valent to a single lens of V-,,th, ^feth, Vi,th, or y\,th inch focus, 
frequently. 

Then we have = 3/i , nearly 

= ^ 2 */ ““ ^2 == 2 

=:/i nearly 

again, for the conjugate foci of the* lens we have; 

I 

/i 
_ 1 
7 ; 

••• c,Q Ia 

and the object-lens niagnifies the imago twice, which is etjuivalent 
to doubling the pcnvei: of the eye-h‘ns if taken by i(s(‘lf. Tliis 
coineides with the result obtained by using the ride found in 
Art. 81, Paut I. 

Both the lenses are used in favonrabh* circuinstanees for small 
aberrations, as shewn in Kx. 1), j)agt‘ 85, and tiury also a|>[)n>ximate 
to the proper forms in respect of the oblicpic aljtirraiions, as sliewn 
in Ex, 4 and Ex. 5, pages 111) ami l^^O. It appeai-s, however, 
that a meniscus is the more a])j)ro})riatc form for the lower lens, 
both from Ex. 5, ]>age L‘iO, ami from })agc 1)0; for the eye-lens, 
how'cver, a meniscus would have had less direct aherratu>n but 
niore oblique aberration, as seen from Kv. 1, page 119. The 
curvature of the virtual imagt*. q woul4 also be more tavourable 
with a meniscus iu place of the pluno-couvex object-glass, as 
shewn by Ex, 5, j)agc 145. 

The distance required between the lenses, iu order to procure 
achromatism, from page ICO, should be 

/.+/. 
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and since tt=^ as found above, /. Cj oo for acbi*omatisni, 
which consequently is not satisded. 

The effect of the diaphragm introduced by the practical opticians, 
is to limit the direct pencil and also to cut off the extreme outside 
rays of the oblique pencils, and thus contribute to the distinctness 
of the parts of the image formed by them. 



CHAPTER VIL 


ON CAUSTICS. 

In Article 18, Part 1., it was shewn how the caustic curve in 
light reflected by a spherical mirror arose from the continual inter- 
section of consecutive rays, and was connected with the aberration. 
M'hencver aberration exists, it is clear that a caustic wi if bo formed, 
both in refracted and rcilcctcd light. Tlui term caustic curve has 
been most frequently reserved for the locus of the ultimate inter- 
sections of the rays in the plane of incidojce, and termed a 
cataeaustic for rctlexion, and a diacaustic for refraction. 

When the reflecting or refracting surfuct? is one of revolution 
and the pencil incident directly, the revolution of the caustic round 
th(^ same axis forms a caustic surface. This surface b(‘ing tlie 
locus of the priinar)^ foci (see page 25), we may call it the primary 
caustic surfac<\ Wo liavc seen, ho\vev<u*, that consecutive rays 
also iuterscet at the secondary focus, wiiich is always in tiu; lino 
drawn through the luminous origin and the c(mter for a spherical 
s\irfacc, so that the assemblage of secondary foci forms a straight 
line, which is also rightly denominated a caustic. In other forms 
of reflecting or refracting surfaces, the assemblage of secondary 
foci will generally form a secondary caustic surface. In aplanatic 
reflexion or refraction these surfaces arc reduced to one point, 
which is the aplanatic focus, and at^spherical surfaces vve have 
seen that the secondary caustic surface is reduced to a line. 

That generally there will be two caustic surfaces, as shewn by 
Malus in vol. ii. of the Mimoires des Saoans Etrangers*^ we may 
conclude from the following considerations. When rays of light 
diverge in all directions around a luminous point, they will be 
normals to every spherical surface which has that point for center ; 
or their orthogonal trajectory is everywhere a spherical surface. 
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When there is aplanatic reflexion or refraction, the ortltj^ogonal 
trajectory of the reflected or rrefracted rays will be, in every 
position^ a spherical surface with the focus for center. In other 
cases the orthogonal trajectory of the reflected or refracted rays 
will be some other fqrm of surface, and the primary and secondary 
foci of the reflected or refracted pencil will be the centers of 
greatest and least curvature of the trajectory ; being the intersec- 
tions of the consecutive normals to that surface. 

The discussion of the properties of systems of rays, as under- 
taken by Mai us in the before-mentioned paper and by Sir William 
Hamilton in the ‘‘Transactions of the Royal Society of Dublin, 
1828 ,^^ is an interesting subject in the higher geometry, and the 
propcrti(*s of caustics and of the orthogonal trajectories arc also of 
imi)ortance in physical optics, from the interference of light which 
takes place in the trajectories when they form an edge of regres- 
sion. To this problem it is now admitted the* theory of the 
rainbow must be referred 5 but in the immediate objects of g('o- 
nietrical optics, such as the theory of optical instruments, the 
properties of caustics and their forms for different reflecting and 
refracting surfaces arc of small moment, so that only a few of th(' 
more ordinary cases will be here discussed. 

Art. 70 . Prop. To shew that when parallel rays are inci- 
dent on a concave spherical mirrovy the primary caustic is an 
epicycloid generated by a point in the circumference of a circle, 
whose radius is one-fourth that of the mirror, whilst it rolls upon 
a circle concentric with the mirror and of half its radius. 

Let BAD be the spherical mirror whose center is C; let F 
be the principal focus and haFd a semicircle with radius 
AC 

AF^—^ ', let BFD be the epicycloid generated by a point in 

the circumference of a circle whose diameter is AF rolling oi> 
bFd ; and let QP be any one of the rays incident parallel to 
CA and reflected in Pq^q ^ ; then, if q^ is the primary focus, it is a 
point in the epicycloid. 

Draw CaP and the rolling circle on as diameter, when it 
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or the primary focus is a point in t)ic oirciiinfriviicc of flic 
circle ny,/*. 


A"ain L QPCs=: i CPt/^y aiul tlic anurlc subtciulcil 

by till* arc at the center of the rollin»r circle c(|ualH twice* the 
anj;](* PCF, and the radii arc in the ratio J :)2, thcrt‘lbrc the an* 
Fa-- arc «y,, and yj is a point in the epic)cloid P(^^Fl), 


Art. 71. Ibior. To s/iew that trhvH t*atjs dtrerf/o from a 
point in (hr circumference of a spherivul mirror, the primary 
caustic^ formed by the refected raya, is on epicyctoid generated by 
a point in the circumference of a arete, of onedhird the radius of 
the mirror trhdst it rolls on a f.nd circle concentric with the 
mirror, also of onedhird its radius. 


Let QUAD be the met ion 
of the mirror by the plane of 
iucid(‘ncej Q the luminous 
point, and QP any incident 
ray rcilected in 

Draw the radiins CaP, and 
let baqd be the fixed circle 
nhose radius Ca or Cq equals 
one-third of CA. Also on 
aP as diameter, draw the 
rolling circle as in the figui'c, 
and let Qeqf be the cpicy- 





II 
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cloid described by the point in its circumference. Let and 
be the primary and secondary foci. Then, angle of incidence 
QPC=:i=giPC the angle of reflexion. Join aq^^ by Art. 11, 

12 see. i 1 
AC iQP 

^ 2 1 

AC cos. i 2ACco8.i 

=_A1_ 

2A Cco 3. i 
2 

=^AC cos. i 

= aP cos. i 

and qi is in the circumference of the rolling circle. 

Again, Z PC^ = 2 Z PQC=2i= angle which the arc aq^ sub- 
tends at the center of the rolling circle; and the radii of the* fivtd 
and rolling circles arc equal, therefore arc ay= arc aq^, and the 
point is in the epicycloid. 

In other positions of the luminous point, the caustic is not a 
known curve, but can always be drawn by calculating the positions 
of a succession of points. It can be shewn, as in the next Article, 
that in all cases where the aberration varies as the square of the 
semi-aperture cither for reflexion or refraction, that the primaiy 
caustic has a cusp at the geometrical focus, and is ultimately a 
semi-cubical parabola. The method is that of Mr. Coddingtoii.* 

Art. 72. Prop. To shew that when tfie aherralmi of a 
reflected or refracted 'pencil varies as the semi-aperture squared, 
the ca'ustic is ultimately a semi-cubical parabola. 

Let the origin O be the geometrical focus; pQiOp' the caustic, 
having a cusp at 0/ the intersection of two consecutive rays, 
one of which Pq^q meets the axis at q. 


♦ “Optics” p. 231. 
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Lct^M=a7, be 

the co-ordinates of , 


we have tB,n.qiqM=: 


_dy 


dx 


and Oq the aberration, varies 
as aperture^ 

= ultimately 

where a is a constant de- 
})cnding on the particnlarcasc. 



Then 


Oq^OM-Mq 
-^x — 1j cot. 7,7:1/ 

-X— |-- 

dy 


dx 


»■ 


abcH'c. 


Oi', we ha\e to infegrati; tin* diirereiitial r(|uatioi 


dij 

dx 


y — a 


d,f 

iU' 


dilferentiating, ue liave 


‘L-i j. Ay - ~ ‘\iA'y ■ 

dx (ii^ dx iU’ dx^ 


0 , or 


^y _n 


fhr 


da?- 


The first being integrated, gives the equation of one of the 
rays ; and the second gives, as a singular solution of the differential 
equation, the curve which is the locus of the ultimate intersections 
of the rays, or the caustic in its ultimate form near O, 
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for 


or 

bola. 


dy ^ 

dx ~~ 4/3^5 


2 


3>i/3« 
4 


"27fl 




by integration 


the equation of a semi-cubical para- 


The primary caustic^ in many cascs^ can be readily found as the 
locus of the ultimate intersections of consecutive rays, by tlie 
ordinary method of singular solutions. 

If F=0, be the equation of one of the refracted or rcfleetecl 
rays, which contains the co-ordinates 5", y to the first pouer and 
constants, together with an indeterminate parameter m, and u<* 
eliminate m between the equations 

F=0 


the resulting equation is that of the caustic required. It is, Inm- 
ever, generally easier to treat each case according to the nature of' 
the data, without reducing to the form F=0 with only one inde- 
terminate parameter. 


Thus, let a?j y be the co-ordinates of a point on the reflecting or 
refracting curve, whose equation is y)=0, the equation of thi» 
ray will be of the form 

y 

where is a function of Xj y ; and at the point of ultimate inter- 
section ar', y' remain constant whilst a?, y, and A vary, therefore 
differentiating, we have 

^ydA,, , . 
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• lx 


also since each rav is taneront to the 

dx - 

caustic; and these cipiatioiis give the solution fioui the intcgml 
y^.fAdx 

or otlievwise, by eliminating a, and // irom the cejuations. 

Art. 73. Puor. To frnd the roHsUr //7/e// rtto,^ ^ttrallr} io 
the (ff'is are rvftee.tvd lnj a ronroci r(jeIotdtd oiirror. 

bet ()/\in be the eveloid. O.r, |.^ 

()// ilie eo-nrdinale a.\<‘s, j-.iid th*' 

e<}uation of tlu' eyi‘loi<l \ 


a vers' ' • ' - -» .( ' 

a 

. ./ ' 

/Ae V 'lo~ 

bei the I'jiy i)e ilieidefU af t\ 
and rv'tli’eied in the liiu' • 

P(t bemiA" the norioal at /*. 




k- 


Non if / -: ariL:*le of ineuh nee /. tan 

M iti 

id i/' b '’’ “ -P ( 


!.»t' the e<|nati<(n of trie retlecfed i‘aVj \\»’ fiave 


A tan. *2/ 




a — x 
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, dA a® 

and ■■■ 

dx (a — a?)^ ^2«a ? — x 

differentiating the equation (1) considering x\ y' the co-ordinates 
of the primary focus and therefore constant whilst a? and y vaiy, 
we have, as on the last page, 





" dA 
dx 


2aa?— a?® 
a 


.r=a+ 


and substituting, we have 



staking the upper sign and integrating 

a 2a?' r; 

vers ^ Vax —a?" 

2 a 

the equation of a cycloid formed by a point in a rolling circle of 
half the radius of that describing the original cycloid. 


Art. 74, Prop. To find the form of the caustic when formed 
by the rays reflected at a logarithmic spiral^ the luminotts point 
being in the pole. 

Let S be the pole of the logarithmic spiral APP' whose cquL- 
tion is where SP, any incident ray of light, =r and 

ASP^L 


Then if PT be the tangent at P, the angle SPT is constant by 
the property of the curve, and if PN be the normal, the angle of 
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iiicidrncc [i] ^ — SPT= cont^tant, 

/i 

or <’ot. *=tan. SPP 

dO 

_ 1 

U)^, a 

l(*t //, be tiu* pn in ui’y focus, z (/^SAz^rtf)^ W(‘ have in 

the Iriangh* SPq^ 

/• _ _ r 

siiKlTr — J2/ -»6 - 0) ^ni. i'Zi) 

sin, 21 
(2H fp—0) 

and for the locus of ulHniatc intersections p and (f) remain const ant 
wliilst ?' and 0 vary ; therefore, difFerciitiatiiifi:, 

sin.2* _ rsin. 2ecos. (^iH- 

d$ sin. (22 + 0 — ^)) sin."(2?4-9-~5) 

or 0 = 10 "^ (ff) . sin.2i . sin.(2?4-</> — 5) . sin. 2icos.(2;-f'^“-^) 

••• 

= — cot. i 

= tan.(i+|) 


o 2 
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)= i+^-2 

= 0 — ot * 


if a =g —inconstant 


. Q sin. 2i 

and 0 — Ot • j tgy • i V 

^ sin..(2i + <^— p) 

0 sin. 2i 

-« „ 

8in.(|+f) 

which is the equation of another logarithmic spiral. 

Let 2 sin.a = a^ then, 

then 

which shews that the caustic differs from the reflecting curve only 
in having a different origin of the angular ordinate. 

Art. 75 . Prop. To find the form of the primary caustic 
when a diverging pencil of rays is refracted at a plane surface 
of a medium. 

First, let Q the lu- . — 

rainous point bo out- V 

side the medium, and ' 

Q^=w. \ 

Let 5 be the first g-— ^ 

approximate focus and f '/ ^ \ ^ 

the cusp of the caustic, / / \ 

the line AQqq^ being 

perpendicular to the ” ^ 

surface and the axis of ^ 

a?. Let A be the origin of co-ordinates, QP any ray incident 
at P, and AP=z%i; P^qx being the direction of the refracted ray. 


Then b^ Art. 28 , Part L, 
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q^P:^I^.QP 


=iu. v'm'* 

If the equation of the refraeted ray be of tlie fonu 
y—y-A{/-T) 
we have, y-^JP, r — 0 

J=~ian. Pq2^ 

_ AP 

y 

V^/X // f // (a 1 ) 

and (lifh reutialin^j: the e(|uaf!on tj - if A\' eonsulerinjr t\ if the 
( o-oi(1inates of the point where the ray tone )hn the eanstu 

ilA , 


flu II 


1 - - 


dif 


fU u . f 


( 1 ) 


(2) 


[» «’-t ~ ') I 

_ 1'^ " I '/ - Oi 

tt ff 

Mihstitulniij; tlu \ahus ot i and i' in the ((jnation 

V l> 

. y iw - 1) 

w( y , 

a u 

and (‘luninatinq y httween (!) and (2) wt have 

'/V^i 

\a?// \ (/.V / 

which IS the equation of the caustic and is the evolute of an 
lijperbola. 

Again, if we put ~ for jx we have secondly, the result for the 
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luminous point Q within the d^nse medium^ and the equation of 
the caustic becomes 

which is the equation of the evolute to an ellipse. 

The caustic formed by rays refracted at a spherical surface does 
not take a form so simple as these which have been discussed ; it 
can, however, be always described graphically by computing the 
place of the primary focus. 


The properties of diacaustics will be found discussed in the 
"Treatise on Caustics,^^ by G. If. S. Johnson, M.A., Tutor of 
Queen^s College, Oxford; also in Coddington^s " Optics in 
Dealtry^s "Fluxions,^^ &c. 


In Sir John HerscheVs Treatise on ‘Light,' iii the "Encyclopjrdia 
Metropolitana," Art. 170, will be found a list of authors who have 
written on caustics. 


The form of the caustic produced by both refraction and reflexion 
in a drop of rain, in the case of the rainbow, will be found in the 
Author's Paper on that subject in Part I. Vol. vi, of the Transac- 
tions of the Cambridge Philosophical Society, and it must be also 
now discussed in the Treatises on Physical Optics. 


THE END. 
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